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ABSTRACT

A pulsed analog computer has been proposed which requires the use
of analog geates. In order to solve the real time flight simula-

tion problem it has been estimated that components with a maximum
deviation from linearity of 1% are required. The computer would

operate at 100 KC with & program which is repeated at a 50 cps

" rate. The purpose of this thesis 18 to demonstrate that the con-
struction of snalog gates capable of meeting the requirements of

this system is within the realm of present day technology.

An organized procedure 1s developed whereby sample gates (impulse
modulators) are analyzed. Several diode and several transistor
gates are analyzed in great detail, including a prediction of gate
linearity from & non-linear model of the gating slements. Several
sample gates are found which would be capable of meeting our re-
quirements, the simplest of which is the two bilateral transistor
gate. A method for including the sample gate in a closed loop with
anc operational amplifier to improve linearity 1s demonstrated.
Measurements of sample gate linearity are made in both DC and puls-
ed situations.

A similar procedure is developed whereby storage gates (clampers)
are analyzed. Several storage gates are analyzed but only one,

the four diode bridge gate, is found to be capable of pulsed analog
applications. An interesting result of the discussion of storage
gates is the fact that a certain class of these gates are perfectly
linear. Measurements of a storage gates abilities are made by
several methods, including & closed loop method which multiplies
gate errors until they are easily measured.

Thesis Supervisor; George C. Newton
Title: Assoclate Professor of Electrical Engineering
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CHAPTER I
INTRODUCTION AND SUMMARY

1.1 ANALOG GATES, APPLICATIONS AND DEFINITIONS

The use of pulsed or time shering schemes with analog com-
puting equipment is becoming more popular and more practical each
day. In some cases this analog equipment may consist of only an
&nalog output tied to a digital computer.1 In other digital
computers analog equipment mey be a part of the computing loop,
in which case both input and output to and from the analog world
are demanded.e Techniques 1n which analog equipment is conserved
by time sharing have been developed. A pulsed analog computer has
been proposed in which all arithmetic operations are performed in
the analog domain but whose program is controlled digitally.j'u
In all of these systems high speed analog gates are either re-
quired or ocould be profitably used.

There are two basic types of analog gates; the sample gate
and the storage gate. Both of these gates are three terminal
palr devices as shown in Fig. 1-1. These gates have two states;
the enabled state and the disabled state. ET is a trigger volt-
age which is bivalued. E1 1s a continuous input voltage. Eo,
the output voltage, depends on the state of the gate. The ideal
sample gate will have an output voltage Eo equal to the input
voltage E1 during the enabled periods and will have an output
voltage of zero during disabled periods. An ideal storage gate
will assume an output voltage equal to the input voltage during

enabled periods and will retein thls voltage during the following

Superscript numbers refer to references listed in the Biblio-
graphy,



2
disabled period regardless of the value of Ei' Real gates, as
we shall see, vary from these ideal characteristics in many ways.
1.2 THE PULSED ANALOG COMPUTER

As these gates are to be designed for use in a8 pulsed anslog
computer it would be worthwhile to briefly discuss this computer.
From this discussion of the pulsed analog computer ve can deter-
mine the specifications to which the gates must be designed.

The pulsed analog computer combines analog and digltal computing
techniques. Where 2 digital computer performs dlscrete operations
on discrete variables, and an analog computer performs contlinuous
operations on continuous variablea; the pulsed analog computer
performs discrete operations on continuous variablea. From this
point of view it is & digital computer with arithmetic operastions
performed 1n the analog domain. A set of differential equations
will be solved by & repetitive procedure similar to techniques
nov employed in obtaining a digital solution.

A block diagram of & simple example of a pulsed analog com-
puter 1s shown in Flg I-2. The inverter, summer, multiplier, and
integrators are standard snalog equipment, except that they are
capable of operation at high speeds. The inputs to these arith-
metic elements are connected to the outputs of storage gates.

The outputs of these arithmetic elements are connected to the
inputs of sample gates. The sample gates outputs are actually ‘
connected to summing resistors which form the input to the inver-
ter, and not to a common bus as the block diagram would 1ndicate.
The gates are triggered from the digital control unit. Anm in-
struction in the computer program will trigger two gates simul-

taneously; a sample gate and a storage gate. This operation will
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tranafer the input voltage of the sample gate to the output of
the storage gate.

To better demonstrate the operation of the pulsed analog
computer it will be instructive to follow through a sample pro-
gram. For exeample we may want to solve the second order differ-
entlal equation ° + b +w°x = f(t). The program can be written
by following & procedure similar to those employed in drewing a
block diagram for an analog computer program. That is, the equa-
tion is flrst solved for the highest derivative, and them, sssum-
ing that we know this highest derivative we can proceed to compute
the quantity -w x~bf+ £(t). The equality is completed by routing
this computed quantity back to the point where we stezrted with
2°. rig. I-3 is the block diagram for the analog computer solu-
tion of this equation.

A program for the pulsed analog computer 1s written by follow-
ing the seme procedure.‘ The input to integretor number 1 will
be assumed to be §°. By performing the instruction GfG7 the
guantity 2° 1s placed st the input to integrator number 2 and
we now have available both -¥ and -%.b, w2, and -f(t) are avail-
able through sample gates Gy» Gy 8nd G, respectively. The next
step in the program will be to compute bk by the following pair
of instructions, GpG, and GaGs’ The quantity + bx 1s now avail-
sble at ths output of the rultiplier and will be gated to the
first input of the summer in preparation for the addition whieh
must be performed. By comtinuing this process we arrive at the
following complete program. The last step in the program has
completed the equality. Note that this program is not unique
for the solution of this equation, but that several steps could



+ X

Fig. 1-3 Analog Computer Solution of ¥ + b R + w® x = £(t)

STEP# INSTRUCTION COMMENTS
| Gf G7 fx =X
2 G Gy ——
b x
3 Gy G
4 G, G, 3
5 Gg Gy ——
wzx
6 Gy Gy —— b —bx -wix+ f(t)
7 Ge G,
8 G. G, ]
9 Gy 6, ————— COMPLETES EQUALITY

2

Fig. 1-4 Program for pulsed analog solution of ®+ bR+ = £(t)
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have been interchanged. Thls program has 1llustrated how analog
equipment can be time shared. The multiplier computed both the
products bx and mzt. While not very apparent from this simple
example, in & more elaborate problem this sharing of analog
elements would result in a considerable saving of equipment.

1.2 GATE SPECIFICATIONS

In both the all-digital and the pulsed analog case, both
the length of time required for one imstruction and the number
of instructions in the program 2re important wvhen real time solu-
tions are demanded. There is an error introduced into the total
solution becsuse of the discrete manner in which the pulsed ana-
log computer has produced the solution. The steps of the program
must be run through meny times for each cycle in the solution
of the differential equetion in order to obtain an accurate an-
swver. An exact analysis of this effect is difficult even for
this simple case. Nevertheless it has been estimated that for
the real time simulation of high performance aircraft (which is
the motivating force in designing this computer) to a reasonable
degree of accuracy, about 5%, a 2000 step program would have to
be run through 50 times a second. This means that single in-

struction will have to be completed in 10 x 10~°

6

seconds. In
terms of gates this means & 10 x 10 ° second enabled period and
a possible 20 x 10™° second disabled period.

In addition to errors introduced im computation due to the
discrete operation of the computer, there is an error introduced
because of the inaccuracies of the computing elements and gates.

In order to maintain solution error to a2 reasonably small value
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the computing elements and gates must maintain a corresponding
accuracy. Again even in our simple problem the exact effect
of component inaccuracies 1s difficult to analyze. For the
purposes of flight simulation it is estimated that .1% compon-

4 In order to use these gates with existing

ents are needed.
arithmetic components a voltage range of t 20 volts will be re-
quired. This outlines the basic specifications on the gates to
be designed. All design work will be carried out with these
specifications and the pulsed analog combuter in mind.

1.4 SAMPLE GATE DESIGN

Any design procedure for sample gates must take into account

the important quantities; gain, effect of trigger voltage on
output, range of operation, enabled lineerity and speed. A simp~-
1ified schematic for the sample gate (Fig. 1-5) will allow us

to got a first estimate of gate gain. The enabled gain will be

R
B & - 2 1.1
p o) HB I HLE i ZgE
The disabled gain will be
o R
- LD
B’”’D = 1.2
1 | PR -

Z
where RB is the 1npug aon%ge regystance, Z8 is the impedance of
the gates serles element, and RL is the impedance of the gates

shunt element. R, may include the gates load resistance. The

L
subesripts E and D refer to the enabled and disabled value of
the quantity respectively. In a shunt gate,zgz = ZgD' In a

- serles gate RLE = RLD‘

Three types of trigger sources can be distingulshed. These

are the grounded trigger, the balanced trigger and the floating
trigger. The effect of the trigger voltage can often be estimated



by assuming the triggered elements to be a single node when

enabled.

A sample gate 18 usable over a 1imited range of input volt-
ages. By using a plecewise linear model for the gating elements
the breakpoints in the gates characteristics cen be determined.
At this point it is often useful to plot Eo vs Ei’ This plot
will lnclude the gate gain, effect of trigger voltage and break
points.

Iinearity of the enabled gate becomes a problem largely
because ZgE may be a function of gate curremt. In order to pre-
dict these non-linearities & more elaborate model than the piece-
vise linear model for the gating element is requlired. Even non-
linearities in the trigger source can appear as non-linearities
in the gate output. It would now be appropriate to make a plot
of EoE —\KEi. K 18 a reference galn chosen commonly to be the
gate galn near the point where E1 = Q0.

The switching speed of a gate is largely determinaed by the
switching speeds of the particular components used in the gate.
The design work here can only attempt to make best use of the
gating components. As a final step in this design procedure we
must assure ourselves that the gates operation is conaistant with
the input source, output load, and trigger source characteristics.

The steps outlined have been called & design procedure while
they are in reality an analysis procedure. However when applied
to a given gating configuration many opportunities will be found
for design. Several compromises will become apparent for example,

switching speed can often be traded for gate linearity.
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Fig. 1-5 A Simplified Sample Gate
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Fig. 1-7 A Series-Shunt Transistor Sample Gate
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Improvements in sample gete linearity can be obtained by
including the sample gate in a closed loop. Pig. 1-6 shows how
this might be accomplished. The push-pull sample gate has two
outputs one of which 1s exactly the same as an ordinary sample
gate. The other ocutput will have an output of zero duriné the
enabled perlods and a output equal to the input during disabled
periods. By feeding back both outputs the operational amplifier
is assured of continued closed loop operation, which makes this
scheme usable with any operational amplifier.

1.5 A TRANSISTOR SAMPLE GATE

Among the several sample gates analyzed, the bllateral tran-
sistor series-shunt gate (Fig. 1-7) best meets the requirements
for pulsed analog uses. The design procedure previously outllined
can be applied to this gate. This gate is enabled with a negative
trigger voltage 'ETE wvhich saturates T1 and cuts of TZ. The gate
is disabled with a positive trigger voltage E., vhich ocuts off
Tl and saturetes T2. This gate is to be used between two anelog
feedback amplifiers and therefore has an input source resistance
of almost zero and an external output load reslsteance, RL’ of
100K(L. The enabled gain of the gate will be _ '[, and the
disabled gain of the gate will be zero, vhere rgA; 1§A€h9 satura-
tion resistance of the transistor, and 1t is assumed the cut off

transistor resistance 18 much greater tham R Note also thet

L.
any leakage current from the cutoff tramsistor will always flow
through a very small resistance. By replacing the eunabled ele-
ment with a single node and completely neglecting the disabled

element, the first order effect of trigger voltage on the output



11

is seen to be zero. The transistor models of Fig. 1-8 are
usable in calculating the linear range of this gate. Using
the model, with D1 and D2 taken to be 1deal diodes, the break
points in the Eé vs E, plots can be determined. Imn Fig. 1-9
the gain, effect of trigger voltage, and breakpoints of this
gate have been plotted.
A very realistic non-linear model for the tramnsistor is obtained
by replacing the diodes of Fig. 1-8 with the diode fumction
&g = K ln{l + fd } 1.3
| co
From this model the saturation resistance, which 1s defined to

be aVé ?c = o0 in the grounded emitter characteristics, can

c

be shown to vary as 1/15.
2K, (1-a)
Tsar T 2
Ig

Non-linearities due to the fact that TgAT varies with base current
are the important non-linesrities in a transistor asample gate.
Errors due to unbalance in the transistors operation are generally
small (less than 1 x 10"'3 volts). Errore due to the curvature of
the grounded emitter characteristics of the transistor are easily
eliminated by deaign. For the gate of Fig. 1-7 the non-linsari-

ties due to ToaT varying with trigger current can be expressed
by Equ. 1-5.

2
-k, = _2(18) % Ry (B) 1.5
| L Tpp V1 + )

vhere K is the gain of the gate at B = 0. The complete deriva-

tion of this expression is included in Chapter 1IV.
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Since the base current of Tl varies with E» the switching

speed of this gate will vary with iuput voltage. As the linear-

ity of the gate is improved longer switching speeds willl result.
A Gemeral Translstor 2N593 or 2N594 may have a value of
2(1-a) K, of about 2.5 x 1(3"3 volts. With RTI selected to be

250K , RL

the maximum gate nom-linearity will be .1% or 20 x 10 volts.

given to be 100K, and ETE selected to be + 25 volts,

It should be noted that the cutoff transistor will be back biased
by as much a3 45 volts. Transistors must be selected to be cer-
tain that they are capable of withatanding this large voltage.
Flg. 1-10 is 2 plot of gate limearity.

1.6 STORAGE GATE DESIGN

The basic considerations which must be takenm into account

in the design of a storage gate are: set time, hold time, range
of operation and switching transients. A simplified schematic
for & storage gate 1s showm in Fig. 1-11. The actual storage
1s accomplished by holding cherge on a capacitor C. The set
time 1s defined to be the maximum time requlired for the output
of the enabled geate to change from one value to another. Since
the final value may never by reached an allowable error must be
specified. The disabled gate will maintain the correct voltage
within an allowable discharge error for & finite time Tg® The
minimum value of T4 18 called theh o0ld time.

A floating trigger source is often used with the storage
gate. vThia will allow us to include the gating elements and the
triggar:source in a two terminal series element. The character-

istics of this element can be shown by a plot of eg va 18.
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Non~linsarities in the emabled og vs 18 plot will affect set
time but will not affect gate linearity. A gate of this type
will have a linear gain of unity. The disabled 0g V8 1, plot
will show a maximum difference which can occur between input
and output voltage before the leakage current becomes excessive.
The gate which we will attempt to build will have a meximum
difference of 40 volts.

The exact nature of the off-switching transients in a2 stor-
age gate are important because these transients may introduce
permanent errors in the output voltage. The operation of a
storage gate is much more limited by the characteristics of the
input and output circuits than is the sample gate. Current
limitations in the input source become of immediate importance
vhen calculating set time. Similarly leakage currents into the
output circuitry will lessen hold time. And of course no gate
1s complete without a properly designed trigger source.

1.7 THE FOUR DIODE STORAGE GATE

The four diode bridge gate (FPig. 1-12)has often been used

for a storage gateé

and, deapite the attempt to use several
other novel gating arrangements, it remains the best storage
gate avalilable. This gate 1s enabled with a2 positive trigger
voltage and disabled with a negative trigger voltage. Assuming
that the diodes are identical and have a forward resistance re
and & reverse resistance rb.'the eg vs ig plots can be easslly
obtained and are shown in Pig. 1-13. However before any con-
clusions can be reachsd about the four dlode gste a more realis-

tie model must be chosen for the diodes. If the diode curve



15

EI RS EO
(e, J\/\AI Z G 2%
'g

Fig. 1-11 A Simplified Storage Gate
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eg = f(id) is given and the diodes are idemtical the follow=-
ing set of equations c¢an be derived.

Eg-ip By = r[(_l'_r;g)} +r[(1'r+1g)] 1.6
e = e to]-f[Cr Tw] 17

From these equations the plot of eg vs 18 can be obtained either

graphically or even perhaps analytically. Many interesting
results can be obtained from this analysis. For example if the
trigger source is a current source of value 1T the maximum possi-
ble value of 1g vill be lT‘

Silicon diode characteristics are often approximated as

K, In {1-0-_;3__} 1.8
co

For a current source trigger the resistance of the gate r (wvhich

) can be shown to be

is defined to be g
= 0

8

r = 2K1 1.9

® I

Therefore the current capabllites of the gate increase with
trigger current not only because ita linear range 1ls extended
but a&lso because its conducting resistance is decreased. A
typical value of 2K1 18 .13 volts.

The expotential dlode model shows that the tmue character
of a back blased diode 18 closer to a current source then to a
resistor. Fig. 1~14 shows the back biased diodes of the disabled
gate replaced with current sources. This circuit would be ambiguous

since four independent current sources are arranged such that
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12-14 = 13-11- Therefore the four dotted resistors have been
added. However we can use the current source model to demonstrate
the point that leaky diodes can be used to build a gate which
has a leakage current much lower than any dlode in the gate.
This 1s due to the fact that these currents subtract before they
leave the gate. If four equal diodes are used a gate can be built
in whieh the very steep slope of the diode characteristic plays
the important role 1n the disabled gates characteristics. The
Transistron SG-222 diode, for example, has a leakage current of
about .25 x 107 amps. By carefully selecting and matching these
dlode the gate leakage current can be reduced to .0l x 10'6 amps.

Now that we know that abilities of the series element, the
value of the capacitor and the input source can be designed.
Assume that the dlodes for the gate have been carefully selected
and a leakage current of .0l x 10'6 amps obtained. In order to
secure a hold time of 20 x 10"3 seconds within an allowable
error of 20 x 10"~ volts a .0l X 1078 rarad capacitor is required.
Now turning to the enabled period a 40 volt change across this
capacitor in 10 x 1070 seconds will require an average charging
current of 40 ma. Or if the capacitor is to charge exponentially
to within 20 x 10~ volts of final value a 130N resistance and
peak current of .3 amps are demanded. A vacuum tube circult which
is capable or 150 ma output currents and which has a linear output
resistance of _fg__ has been developed for use with this gate7
(Fig. 1-15). T%is circuit will replace the usual cathode follower
output stage of the operational amplifier which drives the gate.

Special care must be taken to assure that the enabled gate
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does not place a load on the operational amplifier which would
cause it to oscillate. Fig. 1-16 1llustrates the situation and
Fig. 1-17 is a block dliagrem for this closed loop system. It

is asspumed that the unloaded feedback amplifier 18 desipgned to
rC3+1

be very stable. The additiom of the lag tem
T, + rg)C§‘+‘T

could introduce enough additional phase shift to cause inatabll=-

ity. However if rg is greater than v this term can be made

! r
to have little effect. r, vhich 1s equel to “E will typlcal-
1y be about 50 . By adjusting r, the system cin be stabllized
while still maintaing & set time of 10 x 100
1.8 MBASUREMENTS

Measurement of a gate capabilities should be made under con-

seconds.

ditions similar to those it will experience in actual use. The
important measurements to be made on & sample gete are enabled
linearity, disabled gain and switching speed. A circuit used
for making direct mesasurement of semple gate linearity is i1l1lu-
strated in Pig. 1-18. Adjustments are provided to eliminate any
bias which the gate may have and to normalize the gain before
messurements are taken. The measuring instrument can be a high
gein DC oscllloacope for making pulsed measurements. The input
and output of the feedback gate are already of opposite sign and
therefore a simple resistive suming network will make the gate
error irmediately avallable. The disabled gain can be determined
by simply measuring the gate output when typical inputs are appli-
ed to the gate,

In a storage gate we must messure set time and hold time.
Set time can be measured by using the circuit of PFig. 1-19.
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The imput voltage is mede equal to say + 20 and a large resistor
is connected from the capacitor to -20 volts. The time betveemn
pulses is adjusted to allow the capacitor to reach its final
value. The set time is completed when the gate error is within
its sllowed limits. The hold time of a storage gate must be
moeasured with a pulsed input. For example 1f the input of the
storage gate 1s +20 volts during the enabled perios 1t should
be switched to -~20 volts immediately following the enabled period
to simlate the input which a storage gate may actually exper-
ience. If this is not done any resistive componemnt 1ln ng wviil
not make its presence felt., At the end of the hold time the
input will return to 420 volts and the capacitor will recharge
to 1ts proper value again. To measure the discharge error we
need only measure this recharge, which can be done with a sensi-
tive AC oscilloscope.

A closed loop system hes been designed which consists of
tvo sample gates and two storage gates and allowa these components
to operate under conditions simlilar to those experienced in actual
‘'pulsed analog use. Thisg system, which 1s fllustrated in Plg.
1-19, can also be used to make measurements of disabled gate
discharge. The system operates by starting with the switech in
position number 1 and applying & pulse RTI‘ This will trigger
sample gate number 1 and storage gate number 1 and in so doing
will tramsfer the input voltage to the output. The next step is
to trigger ETE which 6rannfar this voltage to the output of stor-
age gate number 2. By this time the switch has moved into position
numbar 2 and the program will continue to circulate the input
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voltage by applying a pulse ETl' The trigger pulses continue
to repeat st regular intervals. After many cycyles are com-
pleted the switch 18 returned to position number 1 and the pro-~
ceas started over again. The switching and counting is accomplishe
ed by a simple digital ecircuit.

If the lecop gain is positive a difference equation can be
written for the (n + 1) th output.
e(n+1) = K e(n) + E, 1.10
where K is the loop gain and B, is a bias voltage accumulated
in making one excursion around the loop. The solution to this
equation is

e(n) = e(o) - ?gﬁ (x)® + g%g 1.11

or in the special case wvhemn K = 1.
e(n) = e(o) + By n

By looking at the output on the scope we can adjust the loop
gain and biss until K = 1 and B, = 0. Nov by changing the
time between trigger pulses ETl and ET2 an additional bilas temm
will appear due to the fact that an additional discharge time
has been allowed for storage gate number 1. This error 18 multi-
plied by the number of cycles n. By this method the small values
of discharge error can be readily measured. This method 1s,
howvever, limited by non-linearities in loop gain and by amplifier
drift.
1.9 CONCLUSIONS AND RECOMMENDATIONS

The simple and important conclusion that can be drawvn from
this thesis is that analog gates to meet the pulsed analog re-

quirements can be built. In the sample gate which was built
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transistors had to be selected for high voltage breakdown. In
the.atorage gate diodes had to be selected for low leakage cur-
rent. While these selection procedures do not lend themselves
to mass production techniques, the fact that the required snalog
gates can be built has nevertheless been demonstrated.

There remains meny opportunities for the further improvement
of analog gates. Several immediate approaches can be suggested
for both the sample and storage gate. Better symmetrical tran-
sistors may be presently avallable on the market for use in the
sample gate. Often the fact that a tramsistor is symmetrical 1is
not even mentioned in the transistor specifications. A careful
study may uncover several usable transistors. There 1s also the
possiblilty that non-symmetrical transistors can be used in this
gate. The same model configuration which was used for the bi-
lateral transistor can also be used for the non-symmetricel
transistor. The model will however have a numerica! unbalance.
From this model the important gate properties could be established
in terms of the transistors parameters. This will glve some
eriterion for chosing a transistor to be used in the gate. By
this approach a transistor with a high voltage break down and
faster switching speed may be selected. In a sample gate, trigger
source gomplexity and gate performance oan be traded. By using a
separate trigger source for each element of the serles shunt transisto
gate a2 better gate can be built. In this manner the trigger re-
quirements of each element can be better satisfled. All of these
~ approaches could serve to further improve the aamglo’gate.

It 18 needless to say that the search fo better diodes to
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be used in the storage gate should continue. Another fundamental
problem connected with the storage gate concerns itself with the
propertles of the capacitors dielectric. An effect called die-
lectric absorption can cause gate errors. A theoretical or
experimental assurance that this effect can be made neglipgibly
small, DLy selecting the proper dielectric, would be welcomed.
The transistor blocking osclllator which was dealgned for use
wlith the storage gate has the limitation thaet 1t can only be
pulsed at a 20KC rate. The use of better pulse transformers,
which are nov avallable on the market, could possible extend
thls to 50KC. Or perhaps a monostable multivibrator with high
current cepablllties could be built. Finally the output stage
of the storage gate requires some speclal attention. 3Since this
stage operates completely open loop, it is subject to drift and
non-linearites. These disadvantages could possibly be eliminated

by a more careful design.



CHAPTER 1I
THE SAMPLE GATE

2.1 BASIC DESIGN

The basic considerations which must be taken lnto account
in the design of a sample gate are the enabled gain, the disabled
gain, operating range, linearity and speed. A simplified sche-
matic for a sample gate is shown in Fig. 1-5. Bs is the intemmnal
resistance of the 3source. z8 will take on two values; ZgE’ the
impedeance of the disabled series element and ZgD’ the impedance
of the disabled serlies element. RL ia the shunt element of the
gate and may also include gate load resistance. The value of
RL can also be changed by the trigger pulse and can take on two
values; RLE’ the shunt reslstance for the enabled gate and RLD'
the shunt resistance for the disabled gate. The trigger voltage
which ig omitted from this dlagram simply determines the state
of Zg and RL' The subscript E will always refer to the enabled
quantity while the subseript D refers to the disavled quantity.
Expressions for the gate transimissions can now be written.

When the gate is enabled the tranamission will be

2.1

E ‘ R
(¢] =
B, E ﬁiE + 289 +“§;
If this transmission 1s to be near one, Rs + ng must be very
much less then RLE‘ The disabled gain, which for an ideal gate

is zero, 18 for this more realistic model

E
o
B

- ;L]_)
D ﬁin + 2, + ﬁs
From this we arrive at the criterion the ZgD + Rs>> RLD’ It 1is

25
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not necessary that both Z_ and RL be triggered. In a series

g

gate only Z_ 1s triggered. In a shunt gate only R, is trigger-

ed. In a a§r198~ahunt gate both are triggered.

There are essentially three methods of wiring the trigger
source to the gating elements (Fig. 2-1). In the grounded trigger
arrangement the trigger voltage causes a current iT to flow. The
return path to ground for this current is through the termina’s
of the gating element to the comnected circuits and to ground.

The incremental equation 1, = iTl + 1T2 appliea. These currents
can cause an error at the output of the gate. The first effect
of trigger voltage on enabled gate output can often be calculated
by assuming that the gating element becomes a single node during
the enabled period. If the by Eq. 2-3.

E

EQ""'

TE

= RB : 2.3

E g ¥ Frip * Rg Ny

We can also see that the trigger resistance RT will affect the
gate gain. The balanced trigger offers the possibility of circu-
lating the trigger current without introducing an error due to
currents from the terminals of the gating element. The value of
R does however enter the expression for gate enebled gain.
Similar to the balanced trigger source is the floating trigger
source of Flg. 2-1c¢. In the floating trigger case the value of
RT does not neoeasafily enter into the expressions for gate galn.
In any case, the trigger voltage will introduce an additiona’
term in the expression for enabled and disabled output. For an
1deal gate this term will be zero.

A sample gate will be usable only over a limited range of
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input voltages. A complete model for the gate will permit us
to approximate the extent of this useful renge. If piecewlse
linear models are used for the getes components, then plecewlse
linear gate transmission characteristics can be calculated. The
graph of Eo vs Ei for both the ensbled and disabled gate will be
of particulayr interest. These plotsshould also include the gate
gain and effect of trigger voltage as calculated so far. From
these plots we will be able to determine many of the gates abili-
ties and disabillities.

Linearity of the enabled gate becomes a problem largely be-
cause de may be a function of gate current. Also iIn many cases
the ma jor non-linearities are introduced by the driving source
regsistance Ha' However, these wlll affect the linearity only
vhen de + Rs becomes large enough to affect the expressions for
enabled gain. In gates in which the trigger current changes with
input voltages non-linearities in the trigger source cen be reflec-~
ted into gate output. The speed of the gate or the time it takes
the output voltage to change from zero to 1ts new value when
enabled, is mainly a property of the swltching speed of the par-
ticular components used in the gete. Of course the switching
speed of the trigger voltage source is also of consideraeble impor-
tance in detemining gate switching speed.

The question of a model for the gates elements ls an important
one. The more realistic the model, the more realistic will be
the calculations for gain, linear range, etc. The general method
of analysis for any gate will be to first look at the gross effects

using a gross model, and then as the pleture becomes clearer
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Fig. 2-2 FPeedback Can Improve the Linearity of the Sample Gate
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to add in the more subtle and more refined aspects of the gates
operation. Actually, different models may be used for different
calculations. For example, if a gate uses dlodes we may first
assume these dlodes to be 1deal. If this model shows that the
gate has the, proper enabled and disabled galn and linear range,
a more elaborate model for the dlodes, perhaps a plecewise linear
diode with & forward conducting resistance re and a back resis-
tance Ty will allow us to get a better estimate of enabled and
disabled gain. Finally, if an estimate of gate linearity is de-
gired, a8 non linear diode curve will have to be used. In this
thesis no attempt 1is mndewto assocliate a model chosen for a device
with the physics of the device.

As in the design of any equipment the input and output con-
ditions are important. The input current requirements of a
sample gate must be consistant with the driving sources capablli-
ties. Similarly the load which the gete faces should be of proper
magnitude. Finally, no sample gate 1s complete without a care-
fully designed trigger source. This completes the fundamentals
of sample gate design. Below is a list which summaries the
important steps which are taken in analyzing a gate.

1 ) Get rough picture of gates operation by imspection

2 ) Choose model for gating elements for each calculation

3 ) Calculate enabled gain; Calculate disabled gain

4 ) Determine range of operation, emabled and disabled

5 ) consider effect of trigger voltage on output, both states
6 ) calculate or measure linearity

7 ) Estimate gate speed
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8 ) Consider or design in more detail input source, output
load, and trigger source.

2.2 SAMPLE GATES AND FEEDBACK
The linearity of a sample gate can be improved by the use

of feedback. By inserting a sample gate after the fina’l output
stage and before the feedback point of an operational amplifier
all the benefits of the high gain amplifier and negative feedback
can be obtained. Plg. 2-2 1llustrates in this method. This feed-
back arrangement adapts very easlly to pulsed analog uses. The
operational amplifier can for example he the same amplifier which
is used for a summer. The output stage of a multiplier is very
likely to be an operational amplifier used as a summer, which can
therefore incorporate this gating arrangement.

One disadvantage of this closed loop arrangement is the fact
that the amplifier is open loop when the gate 1s disabled. An
operational amplifier which is operated open loop will saturate,
resulting in large output volteges and long recovery time. This
difficulty can be overcome by the use of a push-pull gate. The
push-pull gate 1s a sample gate with two outputs. One output is
exactly like the ordinary sample gate. The other output is zero
during the enabled period and is equal to the input during the
disabled period. By feeding back both outputs the amplifier is
always in a closed loop state. Ideally the switching time of the
gate should be fast when compared to the responss time of the
amplifier. This 18 to prevent any large trensients from being
introduced during the swltching.
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2.2 MEASUREMENTS

Three lmportant quantities must be messured in the sample
gate. These are; enabled linearity, switching speed, and dis-
abled gain. Because we are interested in errors of about .1%
or 20 x 10™° volts any method of measurement must avoid a compari-
son of large quantities. For example we could not measure the
input voltage of a gate, measure the output voltage of the gate,
and then subtract these two voltages to obtain an accurate esti-
mate of gate error. Fig. 1-18 1s a schematic of a circult used
to directly measure gate non-linearity. Adjustments are provided
wvhereby the gate gain and any gate blas can be removed before
making these measurements. In this measurement the voltage drop
across the source resistance R8 has neccessarily been neglected.
Unless Ei is readlly attainable some independent measurement would
have to be made to determine input source linearity. The measuring
instrument can be either a millivolt meter for D C measurements
or, to be more realistic, an oscilloscope for pulsed measurements.
Switching time can be easlly observed when making pulsed measure-
ments. The disabled galn can be obtained by simply measuring the
output of the disabled gate with a high gain oscilloscope while
some typical inputs are appllied to the gate.

The input and output of a sample gate with feedback are of
opposite sign. The error in this arrangement can be measured
after constructing a resistive summing network. Since nuch care
was taken to deslign the gate with a particular load in mind, the
measuring resistors should simulate this load. If Rl and R2 are
adjusted to be equal and the gein from E, to B, carefully adjusted
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. E -E
the error measuring meter will indlcate _o "1 . Again DC or

pulsed measurements can be made.



CHAPTER III

DIODE SAMPLE GATES

3¢1 A _DIODE SERIES GATE
The series dlode gate with a grounded trigger of Filg. 3-1

will serve as a first example of a sample gate. This gate, which
is enabled with a positive trigger voltage and disabled with a
negative trigger voltage, can be roughly analyzed by considering
the dilodes to be ideal. In the enabled state the complete expres-
gion for gate output voltage (that is,iincluding the effect of
trigger voltage) can be easily written.

T g oL

RgRp + PyRy + RRy gL ¥ fgtr t Ny

5a1
Still using the 1deal dlode model the dissbled gain is truly

zero. The range of input voltage over which the diodes will
remain conducting when the gate is enabled can be determined

by writting expressions for the current 1n the dlodes.

1, = Ry Erg 4 Bp B 3,28
8 + ﬁs“T + iiLﬁ‘l‘

1, = =(R, + R )B; + Ry Epp 3,2
RgFp, + KRRy + R Ry

As neither of these currents can be negative, the range of volt-

ages for Ei is - Ra ETE < E < ETE . When the gate 1s dilsabled
F +

‘ T L T

there 18 no value of input voltage which will make the output

other than zero.. Therefore, the disabled gain is always zero.

Flg. 3-2 summarizes the gates characteriastics.
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Applying typical numbers to the equations for enabled gain

and linear range will give us a better feeling for the capabili-
ties of this gate. R, = 500r, RL = 2 Kr, RT = 20Kr and

ETE = 4OV are all velues which one might choose. This allows

us to calculate that

EO = 0785 + 0785 Ei

and that
1< B < 5643,

Even at this point many difficulties which would be encoun-
tered when applying this gate to the pulsed analog computer are
apparent. The gate lacks unity gein. However, upon returning
to the schematic for the pulsed analog computer (Fig. 1-2) we
see that this can be compensated for by a change in the input
resistor of the following inverter. A real difficulty with this
gate 18 its limited linear range. This gate 1s good only for
positive input and positive output voltages. Of course, we could
add 20 volts to the input and then subtract 20 volts from the
output to obtain the proper range; but this becomes awkward. In
other words we can stop here for it is hardly likely that this
gpate would be used in our application. It has served well how-
ever, as a firat illustration of a sample gate and the types of
difficulties which are encountered in its design.

3-2 THE DIODE SERIES GATE WITH BALANCED TRIGGER

By paralleling the gating element of the previous gate with
a8 symmetric element, the balanced trigger four diode bridge gate
is constructed. (Flg. 3-3) The newly added gating element is
symmetric in that the diodes are reversed and the polarity of the
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trigger voltage 1s reversed. This gate will be enabled when

Em 71

is negative and ETQ 1s positive. Again consldering that during

is positive and ET? 1s negative. It is disabled when E

the enabled state the diodes are all short circuits we can calcu-
late the enabled gain and the effect of the trigger voltages in
one step. All currents in the gate can be calculated. Fig. 3-4
shows the circult and BEq. 3-%a to Eq. 3-35f are the results. Of

courge, ic RL is the output voltage.

S 1[4l

Epig “By| |Bg By O O ia
Fpg | =| 0 By RO 1b 3, %g

Epop oo Ry, -Rpg 1e

0 1 -1 1 1 | |14

D = Ry Rpy By, + Ry Rpy Rps + Ry By Ry + Rpq Rps Ry 3.%b

Dia = =~ (Rpy Ry + Rpy Ry + Ry Fpp) By + Ry Rpp B

+ B Ry Bpog 2. 3e
Dib = -R Rp, E; + (Ry Rp, + Ry Ry + R Rp) Enpg
- R_ R Epom 3. 34
Die = Rpy RTQEI + Rpp Rg Epyp + R By Epop 3.36
Did = Ry Ry By + Ry Ry Eyp - (Rg Ry + Rg By
Roy Ry) Epop 3,38

To dstermine the operating range of this gate, current in
each diode of the four diode bridge must be calculated. If the
diodea are of very low resistance or of zero resistance, the
currents ia‘ ib’ 10, and 1d will appear as current sources with

values as determined by Eq. 3-ba to Eq. 3~5e. Fig. 3-5 illustrates
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this bridge. If the diodes are all short circuits and the four
currents 1a’ ib’ 1c and 1d are given, the diode currents 11’ 12,
13 and iu cannot be uniquely determined. However, if the diodes
have a reslstance Ra the following equation applies.

-1, R, 3.6a

0 = 1i R, + 13 Ra -1, Ry

0 = 11 + 13 - ih - 12 3.6b

Eq. 3-~6b willhhold for any R, however small, provided R, = O.
Three current summing equations and Eq. 3-6b provide enough infor-
mation to calculate all diode currents. These expressions are
summarized in Eq. 3-7

-

1 1 0 -1 o ] [1

a 1
ib 1 1 0 0 12
iec| = |0 1 0 -1 13 27
o] (1 -1 1 -1 |1,
The solution to these equations are given in Eq. 3-8.
4] 1 2 a1 o],
ié ='%_-1 2 1 0 16 3.8
13 -3 2 -1 0 1%
14 -1 2 -3 0 0

The next step is to ecalculate 1y, 12, 13 and ih in terms of Ei
and ETE‘ Thig 1is not very difficult and the results are shown
below. It is apparent
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o
1. = “(RRp + 1/2Ry") g o /0(Epg 3,9a
e e
1/2 R2
1, = T E +1/2 Erg 3.9b
N _F;—'
>
1, = RiRp + 1/2 R, E, +1/2 ‘e 3.9¢
D Rp
R.© E
1, = - 1/2 1 E, + 1/2 “TE 3.9d
T F,;‘

from Flg. 3-5 and from the above equationa that the linear range
is symmetric with respect to Ei' For large poaitive E1 the cur-
rent in D1 is the first to go negative. This will occur when

B, = /2 7ifp* BBy ¥ 1/2 "fs Bpp 3.10
RpRp + 1/2 Ry
As in the previous gate there 18 no value of E1 which make Eo
other then zero when the gate 1s disabled.
In the interest of large enabled gain the trigger voltage
and its associated resistor are often made to appear as & current

source to the enabled gate. With the modification that R, 1s very

T
large or that ETE/'RT appears as a current source, we can rewrite
the equations for enabled gain, disabled gain, enabled linear
range and current in the diodes.

The enabled and disabled gains become

E R,

O -3 ' 3011
EI’ E L + 8

E = o 3,12
% |p
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o
-(Ry Ry + 1/2 R,°)
1, = Fifp r ) E +1/2(5rE) 3.9a
) Fo
1/2 R.° E
1, = T E, + 1/2 _°TE 3.9b
Rp
R.R. + 1/2 R.° E
i; = LT T E +1/2 __TE 3.9¢
D Rp
R.° E
1, = - 1/2 't E, + 1/2 “rE 3.9d
¥ M

from Fig. 3-3 and from the above equations that the Jinear range

is symmetric with respect to E For large positive E1 the cur-

10
rent in D1 is the first to go negative. This will occur when

RpRp + 1/2 Rp

R, Re + R, R_ + RTR
1 f2 LT Ls 45/ 8 Epp

As in the previous gate there 18 no value of E1 vhich make Eo
other then zero when the gate 1s disabled.

In the interest of large enabled gain the trigger voltage
and its associated resistor are often made to appear as & current
source to the enabled gate. With the modification that RT is very
large or that ETE/RT appears as a current source, we can rewrite
the equations for enabled gain, disabled gein, enabled linear
range and current in the dilodes.

The enabled and disabled gains become

Q = L 3011
i E RL + !a
EO = (o] 3012
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Similarly, the linear range is modified to take Into account
this approximation.

= (R, +R)[ Frm

! L'r‘}

2415

In this case the diode bridge behaves very symmetrically.
Eq. 3-l14a to Eq. 3-14d show that the diodes on opposite legs of
the bridge have identical currents in them. There 18 a super-
position which applles to this bridge and its currents. The trig-

ger source causes & current IT/é to flow in each diode.

1, = -12__B_ 41/ (ETE> 3.14a
ﬁ;‘?‘ﬁ; R
E N
1, =  1/2 b 1/2 [ Bre 3.14b
2 ey T ()
s T
1, = 1/2 Ei +1/2 (ETE > 3.14¢
iis + i;: ii'1‘
1, = -1/2 Ei +1/2 <Em > 34144
8 Ry + Ry T :
The input voltage causes a current Ei ) to flow in each
+
8 L

diode. These currents will add in two opposite diodes and sub-
tract in the other two. Remember that this 1s only true when
RT >> Ra + RL'

Fig. >~6 is a summary of the gates characteristics as discuss-
ed so far.

As a numerical example, let us assume that we are to design
a8 diode gate of the balanced trigger type and that we are given
the input source resistance as 500 ohms and the output load as
2000 ohms. The linear range of this gate is to be + 20 volts. It

remaina for us to design a trigger source. Recognlizing that we
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cannot build a perfect current source, we csn, however, use the
equations derived for this case as 2 guide. Let us vary R,r and
calculate ETE’ maximum trigger current, and Eo z with the con-
straint that the linear range remain a consta&t + 20 volts. By
turning back to the appropriate equation and putting in the known
values the following three equations can be written.

2000 Ry + 5 R’

e L

1 - 60 + .01 RT

In Fig. 5-7 the above equations are plotted. From these graphs

the right combination of RT and ETE can be chosen. 1dmax gives
the maximum current required of this source and Eo is the re-
B E
i

sulting gate gailn.
>-3 THE DISABLED SERIES GATE

Before continuing with the floating trigger four dlode gate,
ve might pause to investigate 1n gemneral one of the main disadvant-
ages of the series sample gate when applied to the pulsed analog
computer. This difficulty originstes in the fact that ZGD contains
a capacitive component. The resistive component of ZGD is general-
ly large enough to be of no consequence when compared to this
capacitive component. Fig. 3-8 is an illustration of the circuit
with which we are now concerned. Let us assume that the input
voltage 18 & ramp (%Eﬂ.t and that this ramp lasts for a long time

t

compared to the time’constant T = (R8 + RL)C. The problem 1s to
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compute the final value of the output voltage due to this ramp,
and then to adjust the variables to keep this error below a
predetermined minimum. EBq. 3-14 is an expression for the dis-
abled gain. BEq. 3~15 is an expression for the actual output.
And lastly, Eq. 3-16 is the final value of the output.

E
= lD = PG | 3.1k
1 TR, FRJC, + 1
E, = ¢ x<§§_> 3 3.15
gt fpllg ¥ At S
®omax = 1im S Ej ==<_A§__> R C 3,16
S*0 Ac

For a numerical example, let us asgume that the disabled

0-12

gate appears as a capacitor of value 25 x 1 farads (which 1is

typical for a diode gate), and that the inmput voltage changes 40
volts in 10 x 10'6 seconds. If the maximum allowed voltage read
through 1s .02 volts, what ia the largest value of EL vhich we

can use? The R, to satisfy Eq. 3-16 is 2,000 ohms. This or a

L
lower value of RL will reduce the disabled galn to an allowsable
value. Most calculations which are made for the enabled gate
favor a large value of RL. The difficulties are then encountered
in attempting to use this resistor in the enabled gate and still
maintain enabled gain, linear range and linearity.

3.4 THE DIODE SERIES GATE WITH FLOATING TRIGGER

The next gate which we will consider i1s the logical extention

of the diode series gate to the floating trigger case (Fig. 3-9).
The analysis of the balanced trigger gate when ETE and RT are very
large is similar in many respects to this gate. The gate of Fig.
3-9 1s enabled with a positive
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trigger voltage and disabled with a negative trig-
ger voltage. A model a little more elaborate than the ideal
dlode can easily be used for this gate.

If the diodes are assumed to have a2 forward or conducting
resistance of ro &and & back resistance of r,, the results as
1illustrated in Fig. 3-10 can be obtained for gate gain and linear
range. Unlike the previous gates the disabled range of this gate
is not infinite. This 1s not due to the fact that a different
model is being used for the gating elements, but is a property of
~the configuration.

An alternative approach can be used to calculate Eo vs E1
plots for the floating trigger gate. The gating elements, includ-
ing the trigger source can be considered to be a two terminal
impedance. This impedance, ZG’ is non-linear. A plot of o_ vs

g
1_ocan be calculated once the model for the diodes has been

cioaen. On this same graph the load line E, = (RB + RL) 1, + 6
can be drawvn. The intersection of these two curves determines
the operating point of the gate. By varying Ei and recording
corresponding values of ig the plots of Eo vs Ei can be obtained.
This method of analysis will be used to find an estimate of the
linearity of the floating trigger four dlode series gate.

The first step in determing this linearity is therefore to
find the eg vs 18 plots for the enabled series alement. Let us
assume that the four dlodes of the gate are equal and that some
diode curve e, = f (10) is given. Fig. 3~11 1llustrates the
circuit which we are nowv interested in. Many equations can be

immediately written down by inspection.
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ET = @, + 33 + iT RT S.172
Ep = e, + o, + 1T Ry 317D
e8 = 85 - & 3.17¢
e, = o, - 9, 5.174
18 + 11 = 13 3e17e
13 + ih = iT >.17f
1+, = 1, 3.17g
14 + 18 = 12 2.17h

If we interchange subscripts 1 with 4 and 2 with 3 the set of
equations remains unchanged. This symietry plus the fact that
the diodes are equal proves that 8y = e, and e, = e and of
course 11 = 1# 12 = 13° This reduces the elght equations

above to the four below.

En = e; +6,+ 1p Ry 3.182

eg = e, - e . 3.18b

1g +1, = 1, 3.18¢

L, +1, = 1, 3.184
The voltages e, and e, are replaced with f(il) and f(12) respec-
tively.

ET = (il) + f (12) + iT 3.19a

o, = f (1) -f (1)) 3.19b

1, + 1, = 1, A 3.19¢

L+1, = 1, 5.19d
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From Eq. 3-19c¢ and Eq. 3-19d we can solve for i, and 12 in terms

of ig and iT.

i1, -1
1, + 1y

These expressions are substituted into Eq. 3-19a and Eq. 5-19d
to give Eq. 3-21

—

r N
) J
i, -1

e =f rix"'ig} - |ty g}, 3.21b

In order to proceed any further the function ey = f (16)
must be specified. It can be given graphically or analytically.

Ife, = ¢ (1d) 1s given graphically the e_vs i_ plot can be

é g g
obtained by a procedure outlined in Appendix I. If it is given

analytically there is the possibility that 1T can be eliminated

from Eq. 3-21. Then eg is known as, at least, an implicit funce

tion of 18. (

For an example let us assume that we have & square law diode
as 1llugtrated in Fig. 3-12. As long as all dlodes are conducting
a/VZ; can be substituted for t(id) in Eq. 3-21. After a little
algebra, including the elimination of iT’ the following equation

results.
y 2 2 i b 2
RT eg 2a ET eg + 2a igeg + 2 RTig

For large positive 18’ the diodes D1 and D2 will be nonconducting.

A uatio (o) i
n eq n for es ve g

eircuit. (BEq. 3-23

= 0 3.22

can be found by an inspection of the
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eg = 03 + 1g RT - ET + ey 3.2%8
e8 = 28 'Vig + ig RT - ET 3.23b

Bq.3-2)1 shows us that ¢_ = h(ig) is symmetric with respect to

the origin, and theroroia ve need only consider poslitive ig. Some
terms of equation 3-22 and 3-25b are extraneous to the actual
curve we are seeking. However, upon plotting these curves the
unused portion can be removed by inspection.

Before plotting these curves & few speclal properties can
be observed. Since a beseak point in f(id) occurs at 1, = 0, a
= 1 (from Eq.

break point will occur ine_ = h(ig) vhen 1

g 24
3-21). Eq. 3-2la reduces to Eq. 3~24 at the break point. Eq.

3-~24a applies as long as f(id = 0) = 0,

Bpn -1, Ry = £(1) 3.2ha
Ep -1 By = avi 3. 24D

and Eq. 3-24b applies for our example.

Another interesting and useful property of the gate is the
incremental resistance of the gating element near the origin. By
converting Bq. 7-22 to polar coordinates (r,0) and solving for

tand when = 0 the resistance can %? found (Bq. 3-25.)

ér =

T

r o s

g1 - g .

g = 0 V1+ & Epflp L 3.05
ig = 0 ‘ o2

This reslisgtance could also be found by solving first for the cur-

rent in the diodes when 18 = (0. This current, which is the same
for all dlodes, determines an operating point or an incremental re-
sistance of the diodes. This incremental resistance of one dlode

is the incremental reslistance of the gate near the origin.
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Fig. 3-11 Four Diode Series Element with Floating Trigger

eq = flig) = aVig

Filg.>l2 Square Law Diode
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Flg. 3~15 contains plots of eg vs ig for a few extreme
combinations of trigger voltage and resistance. The value of

a has been taken to be 10  vb1t8 . The trigger source 1s 2

10 ma current source for éﬁ?@f I. The resistance at the origin
1s 50 V2 ohms. All combinations of E, and Ry which result inm
50 /2 ohms of incremental resistance near the origin will 1lie
between curve Iand curve II. Curve II is the other extreme case,
vhere the trigger source i3 a pure voltage source. In actually
building a trigger source the current requirements placed on this
source are important. Therefore the trigger current has been
plotted for each trigger source. If we vary ET and RT such that
the break polnt or maximum trigger current required remalns at a
constant 10 ma, we will vary from curve I to curve III. It has
been obvious from the start that non-linearities in the input
source reslstance Rs result in gate transmission non-linearities.
In the gate which we are now considering non-~linearities in Rpn
also contribute to non-linearities in gate transmission.

The smaller the value of RT‘ the closer to perfect linearity
1s thls ideal gate. The current source trigger representes the ex-
treme case of non linearity and the deviatioﬁ from linearity has
been plotted in Fig. 3-14. The resistance of the gate near the
origin has been taken as a2 reference in order to compute ideal gate
gain. This curve has been plotted for R8 = 0 and RL = 2000
ohms. |

Wnile these results are reallstic in that non linear dilode

curves have beemn used, they are not realistic in that the four
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diodes have been assummed to be identical. The most important
effect of an unbalance in the dlodes is to shift the e, = h (18)

g
plot from the origin 18 = 0, @& = O, In practice this volt-

age is rather unpredlictable but :ay be brought to a reasonably
small value by either an offset bias or by carefully matching
diodes.

In order to make any statements abbut the switching speed of
the four diode gate we must establish a model for the diode which
includes switching effects. The diode D of Fig. 3-15 is statlcally
the same as the dlode in Fig. 3-10. As the trigger voltage in
any gate is assummed to change in a step fashion our model need
only apply for step changes in voltage ET' When the voltage ET
changes from -En, to E,g the current in the diode will go from

lgp = - R&g _totgg = - E'rg _ in zero time. That is, our
T b ﬁ; b

diode will go from the non conducting to the conducting state as
fast as the trigger voltage. However when the voltage changes
from ETE to 'ETD the resistance of the diode will remain at re

for an interval of time, T This switching time depends on both

a.
the enabled current 1dE and on the reverse current 1dR - -

ETD . For our purposes Ts = 4K 1dE; wvhere K is a property

Rp + Tg dR
of the diode construction. Fig. 3-15 illustrates this switching.

If this diode model is inserted in the bridge of Fig. 3-9
the switching speed of the gate and the transients introduced
upon switeching depend upon the input voltage Ei' Let us consider
two extreme cases. When the value of Ei is zero, the positive
trigger voltage will cause an equal current to flow in eadh dlode.

An instananeous change in ET from ETE from ETE to 'ETD will
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simllarly cause an equal reverse current to flow in each dlode.
Because the dlodes have all been subjected to ldentical conditioms
they will all become non conducting at the same instant. A differ-
ent gituatlon exists when E1 is some large positive voltage. The
currents in the dlodes of the enabled gate are now unbalanced.

In order to simplify an already over simplified argument let us

agsume that dlodes D, and Du are conducting zero current. Diodes

1
D, and D3 are therefore conducting full trigger current. When the
trigger voltage changes sign D1 and Dubecome high resistances
instantly. An estimate of the reverse current ln the diodes which
are left conducting can be calculated from Fig. 3-16.
L (Egp ~ %%) .26

s t 2T + R +7E;
163 the gate will be completely dilsebled.

dr
During this switching a8 transient has been introduced at the out-

i

After a time Ts = K

put of the gate. This transient 18 illustrated in Flg. 3-17.
Since a crude modellhas been used for diode swiltching, we
can only come to some crude conclusions about gate switching.
A transient appears at the output of the four diode gate while
switching from the enabled to the disabled state, which depends
on E;. This transient is & property of the gate configuration
and switching characteristics of the diodes which can only be
completely eliminated by using zZero switching time diodes. While
this transient mey not be very aesthetic it 1is of no consequence
in pulsed analog work provided it 1s sufficiently short. The
storage gete which follows this sample gate need only come to the
end of its enabled period before this transient starts.
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A four diode bridge gate can be bullt which meets the pulsed
analog requirements. The gate has the disadvantage that an un-
predictable bias, caused by an unbalance in diode characteristics,
will have to be canelled out. Also in a series gate the linearity
of the input source may be strained. In a series-shunt gate this
difficulty could be eliminated. Using the four diode bridge as
both & series and a shunt element a sample gate can easily be
built to meet pulsed analog requirements. The transistor gate of
Chapter 4 will also meet our requirements and offers some advan-

tages over this dlode gate.



CHAPTER IV

BILATERAL TRANSISTOR SAMPLE GATES
4.1 INTRODUCTION

In this chapter we will Inveatigate the use of bilateral
transistors as gating elements. A basic configuration is showm
in Fig. 4-1. Once this basic element is understood gpeclal cases
and more elaborate combinations can be considered. The transistor
will operate in either the saturated or in the cutoff state. Fig.
4-2 adopts a simple model for the saturated trensistor. When the
trigger voltage ET is large negative the diodes are conducting
and have & resistance Ppe Expressions for iel and 132 can be

calculated (Eqs. 4-1, 4-2).

r 1
1y = |Rip = Ropi Bp + Ryy By - Ry By 41
11 T2z - Fip Foy
1, = Rpy =Ry | By - Ry By 4 By B 5.2
11 Yo 'gﬁiz ﬁ21
where
A
Ry; = Ry + 7 + Ry
A
A
R12 = RT + al rfl
A
Roy = Bp+ 02 Xy,

The value of the current in the diodes is impertant when we are
calculating the point at which the transistor leaves saturation.
Eq. 4-3 and Eq. U4-# should satisfy this need.

"‘ - -
Dlgy = {Rpp = Fyp +%; Ryy =%, R21} Ep b3

56



Fig. 4-1

Fig. 4-2 Basic Configuration with Transistor Model
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Fig. 4-3 Basic Configuration with Cutoff Transistor
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+{ =Ry + 0y Ry} By + Ry - o R | E
Dljo = {PFyy = Bpy + 9o Ry, = a4 Rlej Ep

+ {Rel - a, RQQ} E, + { “Ryq + 9 312} E, 4.4

A
vhere D = Ryy Ry, = Ryy Ry

If in the reverse direction the diodes appear as resistances
r , BEqs. 4~1 to U4-2 apply to the cutoff transistor simply be sub-
stituting T, for Tpe A different model, which hes been incorpor-
ated in Fig. 4-3,18 often used for the cut off tramsistor. With
this model all the currents of the circult can be determined in-
dependent of the voltages and resistors. (Eq. 4-5, 4-6). The
transitor will remain cutoff as long as the dlode voltages 91
and 5 remain negative. In practice the currents 1d1 and 1d2

are s0 small that

g1 = Looz = Teo1 4.5
- 0, Q
1%

1gp = %2 o1 = Tao2 4.6
1l = t:t1 a2

the voltage drops which they cause across the resistors are in-
significant when computing linear range. Neglecting leakage cur-
rents in this wvay is identical to using 1deal diodes in the model
of Fig. 4-2, The diode voltages are thenm simply

°q1 = "~ EBpt+ B 47

4.2 THE SERIES TRANSISTOR GATE

Fig. 4-4 1llustrates a bllateral transistor serles sample gete
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with a8 grounded trigger. This gate is the basic configuration
with the modification that E2 = 0. The output of the gate can
be written dowvn from Eg. 4-1,with the appropriate substitutions
as indicated in Pig. 4-4, In many
Byg = -lop Ry = {311‘32;}'RL (-Epg) + Ry E% B 4.9

11722 12721 11722 12721
cases the trigger resistance will be very large compared to the
other resistances of the gate. With this approximation and using
a perfectly symmetrical transistor Eq. 4-10 can be written. The

term 2(1 -~ a) re

E g = g Ry + (10 )re} Ry - Egg_} + B B 4,10
A T -4 re T Ry + R + 2(1-0 )rg

is often referred to &s the transistor saturation reasistance
Tsap*
leakage current of Eq. U-6.

Eyp = leo mL ¥.11

+ O
MAn estimate of the linear range of this serlies gate can be

The DC output of the disabled gate will be caused by the

obtained by using Bq. 4~3, 4-4., When in the enabled state we
can, for this caloculation, assume that ro = 0. Eq. k.12 and

k-1% are the expressions for the currents in the diodes.

Diy; = - (RL + o Ry) Epp ~ (RL + (1-a ) (RT)RI .12

Dlgp = = (Rg + o R;) Epg + (-2 Ry + (1-c ) Rq)E, 4,13
where the value of D, which is positive, is of no consequence,
1. will change sign for large negative El. The point at which

dl
this will occur



Fig. 4-4 Series Bilateral Transistor Gate with Grounded
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is given in Eq. 4-14. The sign of the coefficlent of E, in Eq.
413 can

E, - (RLﬂ-a )W" b4

be either positive of negative depending on the relative magni-

tudes of RL’ RT and ¢ . The break point can therefore be either
positive or negative. This break point will occur vhen

(R, + a R )
E = - 3 1"015
18 n;—--(r:?ﬁ'n; PrE

If E, as calculated in Eq. 4-14 18 negative than E, can go no
more negative than this value. If the calculated value of El is
positive than E, can go no more positive. If Eqs. 4«14 and 4-15
both demand 2 negative break point, the smallest one obviously
applies. If the trigger source 1s & current source both breaks

are roughly equal in magnitude but opposite in sign (Bq. 4-16,
2"17) [}

By = - (R;(, ‘:a" Ry) [Eg] %.16

Em - RL + o RB [%_E_} ¥,17
S

From Eq. 4-8 the transistor of the disabled gate will leave the
cutoff conditlon when

= <+ ETD ‘ 3&.18
The disabled gate will remain linear for all negative input volt-
ages. All break points for this gate have now been determined
using ldeal diodes 1in the transistor model. The gates transmission

characteristics, with a current source enabled trigger, are
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summarized in Fig. 4-5.

A non-linear and more realistic model for the bllateral
transistor can be obtained by replacing the two diodes in the
model used in Fig. 4-2 with non-linear diodes ey = f(id).a’9
This diode function can be determined by direct measurement.

The transistor curves for the grounded emltter configuration,

V, Vs xe with I, as a parameter, are often given or can be easily
measured. From our model, Fig. 4-6b, we should be able to predict
these curves. By writing down all the equations assocliated with
Filg. 4-6 and making a few appropriate substitutions we can arrive
at the grounded emitter characteristics (EBg. 4-19). The saturation

reslatance which appears
v, = f {IB + (1-a )IQ} -f {cz Ig - (1-c )Ic} 4,19
directly on the grounded emitter curves is defined to be

r é avc 4,20
SAT |1 = 0
[ c

The is consistant with our previous example of a transistor in
which f(id) = 1, ro and ro;m = 2(1-o )rf.

It 18 rather difficult to use this model which we have es~
tablished in the general series gate of Fig. L-4., However a few
special but useful cases can be discussed. Por example if 1TE

1s fixed, a load line

By = =Ry I,=Y,~ (igg

+ Ic) RL 4,21
can be drawn and a plot of gate linearity easily obtained.
The diode function 1s very likely to be of the form
i4
&g = K.lln{1+ co} 4,22
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in which case we c&se we cin compute the grounded emmitter

characteristics to be

Vo = K; In {:Ico +Ip + (1-a )Ic } 4,23
co + afB - (l-an;

The saturation resistance is then
= OV
Tgap 533

c

- X (1-a) 4.2k

i, = 0 B

Eq. 4.24 includes the approximation that Ip ¥ alp end Ip>I,. Close

to the origin of the V, V8 I plot Eq. 4-23 can be approximated
as Eq- 4"250

v = 2(1-¢)K 4 4,25
¢ 1
B

Small but important errors in the enabled transmission of
this gate can be predicted analytically using the non-linear
transistor model. In this method certain assumptions are made
whose validity must be checked after the final results have been
obtalned. The assumptions which we use amount to using & different
transistor model to make different calculations. The trigger
current, for example, 18 calculated using the ideal diode model.

In the pulsed analog case, where Rs is the output impedance of an
operational amplifier and RL is the input impedance of an operation-
al smplifier, Bq. 4-25 will determine 1TE' Two voltages are neg-
lected because of thelr small value.

= By + Epp 4,25
ire m_—

The trigger current will flow mainly through the source resistance,
Rs' The resulting voltage drop, at its maximum value, is assumed

to be small (less than 1 x 10™° volts). A voltage drop will
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develop across the collector of the transistor due to the unbal-

ance in i_. and 192' This voltage can be computed from the ground-

el
ed emitter characteristics (Bq. 4-27.) This

V, = + K, 1n!1 .27
e 1 {:a}
voltage is also assumed to be negligibly small.

The next gate error is caused by the fact that PoATP varies

with Ib. The galin of the gate 1s now

E, - By 4.28
E |E Rl + Tgar

wvhere Ra has been neglected because it 1s small and it is constant.

Combining Eq. 4-24, 4-26 and 4-28 we can arrive at Eq. 4-29. This

equation
E, - Ry,
EI"‘! B R+ B(i-a )n,r 4,29
E v Ey

is then the non-linear gain of the serles sample gate, where the
non-linearities are caused by the fact that Poap varies with Xb.
Ey-K Ey .18 the error caused by this gate, vhere K is selected to
be the value of Eo wvhen Ei = 0. By performing this subtrac-
tion & direct exp§es§10n for gate error is obtained (Eq. 4-30).
If X 13 assumed to be unity the gate error is given by Bq. 4-31.

The more gross non-linearities, those caused by ﬁh?

2

E-kE = _°(1-9)K Rp B B30
Ry, Bpg (g + Epg)

B - = 2 (1-a) K, Rp E, m;§1

1 |
° Ry, (B ¥ Epg) |

curvature of the V, ve I, characteristics, have not yet/%omc to

play an important role in the gates operation. To show that this

J
H
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1s true, the errors predicted by Eq. 4-30 or 4-31 should be com-
pared with the maximum deviation between Eq. 4-23 and 4-25.
4.3 THE SHUNT TRANSISTOR GATE

If the study of translstor gates were to parallel the study
of diode gates the next gate which we would consider would be the
balanced trigger gate of Pig. 4-8. Following this we would study
the floating trigger gate. However we shall take a little different
point of view and proceed with the study of a shunt transistor gate.
The gate which we shall discuss is illustrated in Fig. 4-9. This
gate 18 disabled with a positive trigger which saturates the tran-
slstor, and 18 enabled with a negative trigger which cuts off the
transistor. A basic configuration similar to Fig. 4-1 but which
has the PNP transistor replaced by a NPN is shown in Plg 4-10. A
model for the NPN transistor which corresponds to the model of the
PNP of Fig. 4-2 can be inserted in this figure. Eq. 4-1 to Eq.
4-8 w11l then apply exactly to this configuration. By making the
proper ldentifications the enabled and disebled outputs of the gate
can be established. (Bq. 4-32, 4-33). With the usual approxima-

tions that
Ew = B, + %lcog ~ fco1 (R, + R.) 4,32
- a
172
_ (R 5=Rys) + R, E -
EOD - Ei 22 "2 22 71 (HB + RG) 4,33

11722 T 12721 |
the trensistor 1s perfectly symmetrical and the assumptlion that
Rp 18 very large, Eq. 4«32 and 4-33 are modified to give Eq. 4-34
Bnd 2}"35.
I
Egp = B - f% (Rg + Rg) 4,34
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E, | 2(1-a )r} (1-a )r, (R, + R.) Eno ) -
Ey, = 1% £ - e \Rg + Fo)rBpp o35
ﬁé +Pg 2(T-a Jre R, + R, + 2(1-a )re L Fyp ]

The linear range can similarly be established. The enabled range
will end when the diodes of the transistor are no longer back

biased. This break will occur when

Ei = ‘ETE 4,36
No break will occur for negative Ei. The diodes of the disabled
gate must remain conducting. The positive and negative break
point in the disabled linear range will occur as mentioned in Eq.
4-37 and 4-38. This shunt gate's characteristics are summarized

1!1 Figo 1}-11 °

g, = MRy +Rg) Epy 4,37
R

Ein .-___g_r__g__(ﬁ ta,R) "ilg;.g 438

The trigger current for the shunt gate will remain constant
over the entire range of operation due to the fact that one collec-
tor of the transistor is grounded. If the non-linear transistor
which was used for the series gate is used in the shunt gate,
the enabled characteristics are unaltered. The grounded emitter
characteristics will apply directly in computing the gates dis-
abled output voltage.

One of the main disadvantages of the shunt gate is the fact
that in 1ts design a compromise has to be made in adjusting the
value of Rqe If RG is made small the disabled element must remaln
linear over & large current range. If R, 18 made large the output

G
resistance of the enabled gate becomeg correspondingly large. The
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series-shunt gate eliminates this difficulty. The serles-shunt

gate also eliminates the ma jor disadvantage of the series gate,

which 1s capacity read through.

4.4 THE SERIES-SHUNT TRANSISTOR SAMPLE GATE

In this section we will become very practical and complete

the design of a series-shunt gate which can be used in the pulsed
analog computer. For a series geting element we will use the FPNP
symmetrical transistor. For a shunt element we will use the NPN
symmetrical transistor. The gate and its enviorment are 1llustrated
in Flg. 4-12. Ry, the output resistance of the first operational
amplifier is assumed to be less than 1 ohm. The load resistance is
assumed to be 100K (), . Now that we have decided upon & gate con-
figuration and the gates input and output conditions have been
specified, little remains to be designed. Once the transistors
have been selected from the limited number which are immediately
avallable, only the two trigger source resistors and the trigger
voltage remain to be specified. Our previous experience with
transistor gates will prove valuable in designing this gate.

The first model which we shall use for the geting element is
the transistor model with the ideal diodes. In the enabled state,
with ET positive, the equations which were developed separately
for the serlies gate and shunt gate cén be used. The cut off tran-
sistor T2 can be completely 1gnored, provided both diodes are always
back biased. The cutoff transistor T2 can be continued to be
ignored as more elaborate models for the saturated tramsistor are
aedopted. All previous analysis for the series enabled gate can

be used. Finally a realistic leakage current model for the cut
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off transistor cam be imserted to show that it does not affact
the gate output.

The series enabled gate whiech was given as an example pre-
viously epplies exactly to our gatef Experimental curves for the
dlodes in the transistor model are given in Fig 4-13 and 4-14.
The dlode function e, = r(1d) can be approximated analytically

as

1, = 3x10°¢ [ 9% 3,39
&3, 75x10™°

With the value of measured to be .967 our model for the transistor
is complete.

The saturation resistance of the transistor can now be calcu-
lated. Pig. 4-15

L 2.?3(10"'3 4,40

b

compares measured and calculated values of Taap® The maximum
value of Tsam in our gate will be 125.. . The mnximhm value of
leakage current from the cut off transistor is 6 x 1070 amps.
The maximum voltage error whish this could produce is less than
1x 10'3 volts and can therefore be neglected. Fig. 4-7 is a
theoretical and measured plot of this gate errors. This plot was
actually mede with and without the series element to show that the
disabled shunt element does not effect gate output.

In the disable gate, with ET negative, the non-linearities
due to curvature of the Vc vs Ic cheracteristics and non-lineari-
tles due to saturation resistance varying with base current are

not important end we must look to the small errors due to leakage

current and base current. Fig. 4-16 18 an illustration of the



ey (volts)

-eq (volts)

e
- di
ig= 3 X Ios[e 375x10°2-1 ]

Fig. 4~13 Transistor Diode Forward Characteristics

60

40}

20

0 | | 1

1 ! ! |
4 g 6 8
~ g x 10 ~(amps)

Fig. 4-14% fTransistor Diode Reverse Characteristics



72

circuit which we are now considering. The voltage Eo will be

vc can be computed from the grounded emitter characteristics to
be approximately K, In(1/c ). An exagerated value of E,p vould
be less tham 1 x 10™° volts. While not important for a single
gate this voltage does place become important when several of
these gates form the inputs to a summer. It does place one type
of 1imit on the number of inputs which can be applled to one

6 would result in a saturation

summer. A value of R, of 1 x 107
resistance of 1000 . Smaller values of RTI and RTE would further
improve linearity but would increesse switching speed. The complete

lowhich was designed

gate, including & monostable multivibrator
for use with this gate, are shown in Fig. 4-18. Simple speed up
techniques have been used to assure switching in less than 1
L second.

One advantage of this gate 1s its simple trigger source.
Hovever, by using a separate trigger source for each element of
the gate a more linear and a fagter switching gate can be buillt.
Eq. 4-30 shovs that ag the trigger source approaches a current
source, the non-linearities due to Toam varying with base current
becomes smaller. This could not be done with a single trigger
source since the maximum back voltage of the shunt transistor 1is
soon exceeded. Also if trigger current does not vary with input
voltage, switching transients will not vary with input voltage.
While it 18 very impractical to bulld a good current source trigger
with transiators, an enabled trigger voltage of about 40 volts is

very possible.
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Two more transistors can be easily added to the series-shunt
gate which we have now bullt to construct a push-pull sample gate.
(Fig. 4-17). One trigger source is still required to bulld this
gate. This gate can now be included in a closed loop with an
operational amplifier. While improvements in gate linearity can
be achieved by this method a test set up found that amplifier nolsge
and drift could not be separated from gate non-linearity. Switching
translents also become more difficult to control due to the fact
that amplifier response time was comparable to gate switching
speed.



CHAPTER V
THE STORAGE GATE

5.1 BASIC DESIGN

The basic considerations which must be taken into account
in the design of a atorage gate are; get time, bold time, linear
range of geting element, allowable error, and switching transients.
A simplified schematic for a storage gate is shown in Fig. 5-1.
Rn is the internal resistance of the source. Zg is the gate
impedance wvhich as before takes on two values; ZEE’ the impedance
of the enabled element, and ZgD‘ the impedance of the disabled
element. The actual storage is accomplished by holding charge
on & capaclitor C after the gate is dlsabled. Ro is the imnput
impedance of the devlice which measures Eo‘ The storage gate is
similar to the series sample gate in that any gating element used
in the series sample gate can be used as a gating element of the
storage gate. |

The set time of a storage gate i3 defined as the maximum
time required for the output of the emabled gate to change from
its previous value to its new value. The set time for the linear
and resistive circult of Fig. 5-1 can be computed by assumming
that at the beginning of the enabled period E1 is 2 maximum volt-
age + vhax and that Eo is a minimum voltage-vhax. The capacltor

will charge expoentially toward Viax (Eq. 5=1). The large resistor

-t
Eo(t) = 4 Vﬁax -2 vmax o !Ra + ZBE,E 5.1

R, is neglected in this calculation. As Eo will never exactly

reach + vma an allowable enabled error must be specified in order

x
to determine set time.
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After the gate has become disabled the capaclitor will retain
the desired voltage within &n allowveble discharge error for a
finite time T3 The minimum value of T4 is celled the hold time.
1f ZgD and Ro are pure resistive, the maximum discharge current
wlll occur when E, = 'vmax and Eo = +Vpax® The value of this
current is given in Eq. 5-2. The voltage change during the perlod

2V v
- X + 5.2
4 .zﬂﬁn_ ~_§Eﬁ_
gD o
of interest will be so small that a constant discharge current

will be assumed. The voltage change at the end of the holding

period will then be
1

E, = Zfl \F 5.3

The value of Ro is determined by an independent design and 1s
neglected in & first consideration of & gates abllities. Usually
the value of id is determined by the components used in the gate
and little remains to be deaigned. Therefore Eq. 5«3 can be used
to determine a minimum vaiue of C.

The same three triggering methods as have been used previously
can be used in the storage gete. Similarly the trigger voltage
can effect the gates output. The current from the grounded trigger
must flow back to ground through Ra and C. This wlll cause at
least a constant blas error. The balanced trigger offers the
possibility of eliminating this error. In both of these cases,
if the trigger source is not a current source, a gate gain of less
than unity will result. The floating trigger can circulate trigger
current without necessarily introducing an error and also assures

unity gain., For thlis reason, and the fact that it 1is essier to
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analyze, the floating trigger will be used in the remainder of
this general design procedure.

In Flg. 5-1 the two terminal geting element can be thought
of as including the trigger voltage and trigger resistor as well
as Iincluding the gating elements. As we are using a floating
trigger, there need be no other terminals to this box. The gates
impedance can how be more accurately described by & plot of e_ vs

g
1 . In the ensbled @ vs 1 _ plot we will lock for limitations on

tie current conductinz abilfty of the series element, which wlll
effect set time. In the disabled eg vs ig plot we will look for
increases in the diacharge current which will effect hold time.

Even in a simplified design procedure, the effect of current
limiting in the enabled gating element cannot be neglected. This
is because the value of C as chosen by Eq. 5-2 is often rather
large. An extreme case of curremnt limiting 1s illustrated in Fig.
5-2. The set time of this gate is effected by this non-linearity.
If at the start of the onabi&d period the capacitor voltage if
“vhax and the input voltage has been set to + vﬁax’ the capacitor
will charge linearly.

L .
Eo(t) = = Vo t ch t 5.4

This saturation will last untll the break point of the eg va 1g

plot is reached. This will occur when

Eo(c) ~ Vmax = I

8 ge
Following this the remainder of the charge will be completed expon-

5.5

entially with a time constant (rge + Rs)c.

Non-llinearities in the series element of a floating trigger
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storage gate do not contribute to the non-linearities of the
gate output. This can be seen be considering Fig. 5-1 and the

enabled eg vs 18 plot. At the end of the set period ig has been

reduced to essentially gzero. While eg may not be zero when 13

it vill, at the end of each charging period, take on the same value.

uo,

Therefore no non-linearity is introduced in the gates output due
to non-linearities in zge. An exception occurs in the case in
which eg is not single valued for 1g = 0.

Errors introduced upon switehing from the enabled to the dis-
abled state are very important in the storage gate. Speclal care
must be taken to reduce these errorsg or to compensate for them.

The atorage gates operation is even more dependent upon the
external circuitry (imput source, trigger source, and output buffer)
than is8 the sample gate. Non-linearities in the input source and
trigger source are reflected into the gates output behavior, not
necessarily as a non-linear output voltage but as a limitation on
the charging current available to the capacitor. The eg vs ig
plot, which already includes the effect of trigger source volitage
and resistance, can also include the effect on non~linearities in
this source. A plot of the input capabllities 1s also appropriate
and important. Non-linearities in R, do not cause non-linearitles
in E, 8ince the current in Rs is always gzero at the end of the set
time. The output buffer stage also requires special design in that
discharge current from the capacitor during the disabled pericd is
very important. This completes the fundamentals of storage gate
design. Below 1s & list which summarizes the important steps which

are taken in the design of a storage gate.
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1)) Get rough plcture of gates operation by inspectiom
2) Choose model for geting element for sach calculation
3) Determine o, V8 ig plot
4) Choose value of C from hold time considerations
5) Calculate set time.
6) Estimate gate switching properties
7) Comsider of design in more detail input source, output load
and trigger source.
5.2 THE STORAGE GATE AND FEEDBACK
In the pulsed analog syastem the input to a storage gate 1is

a feedback type amplifier. Two methods of using this amplifier
have been proposed. Filg. 5-3 1s a closed loop method, where, by
including the gate in the loop, it 1s hoped that we can improve

linearity and speed.ll

There are several reasons why thlis method
has not proved to be practical. First the storage gate is already
linear and needs no improvement of linearity. The saystem 1s rather
difficult to stabilize due to the additional time constant which
has been introduced. During much of the time the amplifier operates
open loop and special design problems arise. Delays in the output
buffer may also effect gtabllity. Switeching tranalents become
more difficult to control and rinaliy in a pulsed analog systen
this arrangement would require a separate input unit for each gate.
The open loop system of Fig. 5-4 does not solve all the problems
mentions above, but 1t is generally easier to use. First let us
consider the sdditional stablility problems introduced by the
capacitive load. Fig. 1-16 illustrates the situation with which

W& are now goncerned. Rd is the output resistance of the open
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loop operationsl amplifier. Rg is the conducting reslstance of
the gate near 1g = Q. K includes all the time constants of the
operational amplifier. Fig. 1-17 is a block dlagram for Flg. 1-16.
Fig. 1-17 ahows that the addition of R8 and C amounts to a lag term
in the closed loop amplifier. The problem 18 to correctly locate
this leg filter and at the same time maintain proper set time and
hold time. The factor K may also have to be modified. The smaller
the value of Rd the easier will we be able to stabilize the system.
In fact a 1ittle negative feedback could be used in the open loop
amplifier final output gtages to essure low open loop output
impedance.

There also exlists the possibility that low frequency oscilla-
tions can be introduced due to the non-linearities of the system.
The current capabilitlies of the output driver are admittedly limited.
If the output current i  1s symmetrically limited to T I,» the
block diagram of Fig. 5-«5. oan be drawvn. Fig. 5-6 rearranges this
block dlagram and sssumes that k>> 1 and that the RC time constants
&are very small. These approximations ounly apply at low frequencies.
The non-linearity of the system 18 symmetrical and therefore intro-
. duces no additional phase ghift. It's describing function lies
along the -180° line and above the 0dlg line on the Nichols chart.
Any phase shift in K greater than 90° will cause the open loop
transfer function to cross this describing function and the system
will oscillate. Therefore low frequency lag compensation cannot
be used in this system. The effect of any low frequency oscilla-
tion on the output of a storage gate with a 10 x 108 second ensbled
period would be difficult-to predict. To avoid the problem of
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predicting this effect we will eliminate the oscillatiomns.



CHAPTER VI
SEVERAL STORAGE GATES
6.1 INTRODUCTION
In this chapter wve shall study severegl storage gates which

vere considered for possible pulsed analog use. These gates are
very interesting and could be used as storage gates in many apniica-
tions. However none of these gates are usable for pulsed analog
purposes. The important properties of these gates will be summar-
1zed. The reasons why these gates can not be used in the pulsed
analog system will be pointed out. All of the gates conslidered
will be of the floating trigger type.

6.2 THE BILATERAL TRANSISTOR STORAGE GATE

The bllateral transistor storage gate will make a good first
example. This gate, which 1is 1llustrated with a positive trigger
and disabled with a negative trigger, is 1llustrated in Fig. 6-1.
The basic operating characteristics of this gate can be 1llustrated
using‘a fairly simple model for the transistor. The model chosen
for the NFN transistor is shownin Fig. 6-2. The diodes have a for-
ward conducting resistance of re and a reverse resistance of Ty
Ty is assumed to be much greater than Tpe This model and & perfect-
ly matched PNP transistor can be incorporated into the series gating
element. It should be noted that is non-symmetrical transistors
wvere used in this gate the same model configuration, but with a
numerical unbalance, could be used. The resulting enabled °g va
18 plot 1s 1llustrated in Fig. 6-3.

The enabled gate has many useful properties. The enabled re-~

sistance 1s made low and the linear range of the gate greatly ex-

tended by the active current generators of the transistor. After

85
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the break point ln the enabled characteristics the transistor be-
comes active. This fact keeps the conducting resistance of the
gate low even after the break point. However these same actlive
current generators also succeed in lowering the gates disabled re-
sistance. As 1s the case wlith most gates which we attempt to use
to meet our desired specifications it is this low back resistance
or leakage current which is their most severe limitation. The
diodes of the disabled gate are back bilased at times by 40 volts
or more .A transistor capable of this voltage range, with a back
resistance high énougn for pulsed anslog uses is not avallable on
the market at this time. Because of these limitations the transitor
gate must be disqualified for pulsed analog applications.
6.3 THE FOUR-LAYER DIODE GATE

Included among the many novel semiconductor devices which have
appeared in recent years is the Shockley four-layer diode. The
d-c. characterigtics of this device are illustrated in Fig. 6-4.
The four-layer diode has two stable states. If the voltage exceeds
VB it goes into a low reslstance state. It will remain 1in this
low reslistance state until the current drops below IH’ at which
time it will return to a high resistance state. A gate which uses
~ these dlodes hes been suggested by Nyder ang Given. Filg. 6-5 1llu-
strates this gate. A large positive trigger voltage will emnable
this gate by causing the diodes to conduct. A negative trigger
voltage will attempt to reverse the current in the diodes and there-
by return them to the high resistance state.

The enabled and disabled e_ vs 1_ plots for the four layer

£ g
diode gate are shown in Fig. 6-6. Note that the enabled character

istics contain a hysteresis effect. This characteristic of the
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Fig. 6-1 The Bilateral Transistor Gate
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Fig. 6-4 4-Layer Diode d.c. Characteristics
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Fig. 6-7 The Connelly Gate

A€
VB -~ ——
(RT-Hb)rb
RT+2rb
(RT+ rf)(rt )
c‘//////WRT+2RH
Slope Erp=0
I'I(RI'* rs)
Ry+2r — Vs

Fig. 6-8 The Connelly Gate's Characteristics



90
four leyer dlode gate 1s not only not very aesthetic it also results
in rather awkward switching. If Ej is much greater than E; at the
beginning of the enabled period, or if the voltage across D2 does
not become large enough to break down D2 2t the heginning of the
enabled period, the gate wlll operate on the high resistance portion
of the characteristics. This wlll continue until the capacitor
dlscharges sufficlently to allow D2 to break down. At this time
the gate will become completely enabled. The disabled characterlis-
ties of this pgate are much more straight forward. However Lf for
some reason the disabled gate should break down a simllar hysteresis
effect will be exhiiblted. The literature on four-layer diliodes

6

claims that the regilstance r,_ can bhe as hizh as 1000 z 207 ohms.

b
Therefore, by selecting thess diodes carefully, resonable disabled
characteristies for this gate can be obtalned. 1t 13, however, the
peculiar enabled characterlgtics of this gate which meke 1t unusable
in our application.
6-4 THZ CONNELLY GATE

Another gate which makes use of the four layer diode is the
Connelly gate. Thils gate is 1llustrated in Fig. 6-7. During the
enabled state both four layer diodes are ln the conducting state
due to the positive trigger voltage. A difference in E, and E, will
then cause a current to flow in one ordinary diode or D3. There is
no need to make ET negative during the disabled periods since this
voltage will simply be shorted by the two diodes D1 and DZ. When
ET 13 made equal to zero the four layer dlodes become high resis~
tances and the gate i3 disabled.

To determine the highlights of the @nabled series element, ideal
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diodes can replace the diodes D1 and D3. The four layer dlode
wvhose characteristics are 1llustrated in Fig. 6-4 will be asaumed
to have an infinite non-conducting resistance. Using these models
the enabled e, V8 lg plot is shown in 6-8. 8till using ideal diodes,
but now taking into account the four layer diode back resistance
Iy the disabled characteristics can be plotted. A unique property
of this meries element is seen in the enabled eg vs 1g plot. 1Its
uge in a storage gate will result in a non-linear storage gate.
This 1s due to the fact that eg is not single valued vhen 18 = 0,
In this dead zone both diodes D1 and D> are back biased. The mag-
nitude of this dead zone is greater than QIH Teo In practice this
can vary from a few millivolts to as high as 2 volts. While diodes
can be selected to a maintain a smgll dead zone, 1t is very diffi-
cult to select these diodes for both small dead zone and large
back resistance. The probability of finding the right combination
is very small.

Each of these three gates investigated can be used as a
storage gate. However with each of these gates extreme difficulty
is found in attempting to meet the exact specifications which have

been established for the pulsed analog storage gate.



CHAPTER VII
THE FOUR DIODE STORAGE GATE

7.1 INTRODUCTION

In this chapter we will become very practical and complete
the design of a storage gate which can be used in the pulsed analog
computer. The right combination on gate leakage current and input
charging current will be obtained through the use of a four diode
bridge gate and & White cathode follower input driver. The four
dlode bridge gate will be shown to have the lowest leakage current
of any gate discussed. This low leskage current permits us to use
a capacitor which requires a reagonable charging current. The design
of the input source assures a low output resistance from the driver.
This low output resistance helps solve the stability problem. A
trigger source and a special ocutput stage have also been bullt for
use with this gate.
7.2 THE FOUR DIODE BRIDGE SERIES ELEMENT

The use of the four diode bridge as a series gating element
has been discussed previously in Chapter II. The application of
this element to the storspge gate however requires a little speclal
attention. Egqs. 3-2la and 3-21b can be used directly in determining

the gates e vs‘ig plot. These equations are repeated here for

g
convenience. A commonly used diode function is the llnear

Ry - 1T Ry = rlptigler [ln - %g] 3.21a

i.+1 i, -1 -
resistive model, with a forwsrd resistance re and a reverse resis~
tance r, Using this f(1,) in Egs. 3-21 the e
92

gVs 1g plots of
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Flg. 1-13 are obtained. Theseplots assume that r, r. &nd r, RT’
A more reallstic model is needed for the dlode before we can
come to any conclusions about the four dlode bridge gate. Either
the exponential dlode, which 18 a very good represenation, or per-
haps an actual plot of the diodes characteristics could be used.
Using an exponential diode and a current source

= Kl In [:1 + 1d } Tel
co

%

enabled trigger, we can come to & few important conclusions about
this gate. Since the current source is a trigger source Eq. 3-21b
will give us the gates characteristics directly. Making the appro-

priate substitutions we arrive at an equation for e _ as a function

g
of‘ig“
2I + I+ 1 Im+ L_
e, = K, In e K, In[2% g1 7.2
[‘Q+T g_l LT gJ

This equation shows that the maximum value of i _ 1is IT' That is,

g
the gate can conduct no more current than the trigger source deliv-

ers. A gate resistance r_ 1is defined by Eq. 7-3.

8
oe .
k o = 705
g “1’s 1
0 glig ™ 0
For the gate described by Bq-. 7-2 this calculates to be
r, = 2N = 2K 7.4

& FrovY. T

co ¥ ip T

It 1s very unlikely that & floating current source trigger would
be built. However if RT ig 100 or more times greater than rg the

current source approximation will apply very well. It should be

recalled that we do not need an extremely accurate plot of sg va
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18’ but only need an estimate of the gates current conducting
abllities. If any question arises, however, the graphical proced-
ure of Appendix I cen be used.

Pige 7-1 1llustrates a typlcal silicon dlode forward character-
istie. This real diode deviates from the exponential due to an
additional resistive term in the dlode function. Four similar
 dlodes were used to bulld a gate and the gates resistance plotted
(Fig. 7-2) for several values of trigger current. Pulsed techniques
vere used to make all measurements since the currents used exceeded
the dlodes d.c. 1imitaions. The value of Kl used in calculating
theoretical gate resistance was 69 x 10~ volts.

The exponential model shows that the reverse characteristics
of & dlode are similar to a2 current source. Four current sources
can be inserted in the four diode gate (Fig. 1-14). The resulting
circult is ambigous since four independnet current sources are
arranged such that I1 + Ia - 13 + I&' Therefore in order to re-
lieve this ambigulity a high resistance ry has been added in parallel
with each diode. If diodes are selected such that all leakage
currents currents are equal the gate will have a disabled resistance
of rb“‘. That 18, a gate can be built which has a lower leakage cur-
rent then the leakage current of any diode in the gate. Experience
has shown that 1t is not practical to match dlodes to more than a
second significant figure. This howsver assures an improvement by
a factor of 10 over the diode itself. The resistive component of
back biased Transitron 36222 may run as high as 4 x 107 ohms. While
dlodes cannot be matched exactly they can be arranged in the gate
to give a minimum gate leakage current. The diodes can be first
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matched in pairs, with D2 and D4 forming one palir and D and D3
the other pair. If DI has a larger leakage current than D2 this
paiyr will tend to cause a positive gate current 1g. If D3 hes a
larger leakage current than D1 this palr will tend to cause a nega-
tive gate current. These positive and negative gate currents will
cancel causing an even further reductlon in gate current. In summary
then in order to comstruct a gate with a resistance comparable to
the back resistance of the diodes an attempt should be made to elim-
inate the effect of the current source by gatisfying the equations
Il + 1, = 13 + I“.

This tecimique is 1llustrated in Fig. 7-3 and Plg. 7-4. Fig.
7-2 11lustrates the reverse characteristices of four selected Transi-
tron SG222 diodes. For the data plotted in Filg. 7-4 these dlodes
have Teen arrangad to give 2 minimum leakage current. When ag = 0
each dlode 18 back-biased by 20 Volts. Therefore the current in
each dlode is abouﬁ 15 x 10™9 amps.

It should be pointed out that the diodes used in this éxample
were very carefully seleoted. They were selected first for low
leakage current and high back resistance. Secondly they were care-
fully matched to construct the best possible gate. A very small
percentage of SC222 diodes could be used in this gate. If diodes

are selected such that leakage current is less than .05 x 19“6 amps

and the back resistance is greater tham 20000 x 10~°

of the 3G222 diodes will be usable. This will, however, require
6

T, about 209,
at least 8.02 x 10" ° farad capacitor. The charging of this capsci-
tor canmnot be accomplished by any circiut designed in this thesis.
An operational amplifier which can be used for charging this capaci-

tor is the sub ject of another thesls sponsored by this project16.
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A switching transient and the resulting error are anaviodable
in the four-diode storage gate. This 1s due to the unbalance 1in
the dlodes switching characteristics. At the end of all gating
periods, however, the gate will always be in exactly the same con-
dition regardless of the present value of Ei' Therefore the switch-
ing transient will not be dependent of Ei but will be the same for
all values of input. This faot will allow us to use a blas voltage
to compensate for gate switching error.

The leakage current of the silicon diodes used in this gate
are sensitive to tomporaturo.13 Eq. 7-4 describes this sensitivity.
Ico is the leakage

v (P, -T,.)
Ioo = I, @ J o T4

current at the junction temp Tj‘ Io is the leakage current st a
reference temperature To. b is a constant and a property of the
dlode construction. Two problems arise due to this variation of
leakage current with temperaturs. One is obvious. If the room
temperature rigses the leakage current of the gate will incresase.
The only solution to this problem is to use diodes which are insen-
gitive to temperature or to keep the room cool. The other harmful
effect of temperature variation is less obvious.. When the gate 1s
conducting heavily two dlodes are conducting full current and two
dlodes are non-conducting. Under this pulsed load the two conduct-
ing diodes will heat up. When the gate returns to its disabled state
the two heated diodes will gave a larger leakage current then pre-
viously. This unbalance will cause gate leakage current. However
numerical calculation of this effect show that it can be neglocted.l3
Clts should also be taken in selecting the dielectric of the
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capacitor to be used in the storage gate. In genersl it 1s not
dlelectric leakage current which 1s important, but it 1s a phenomena

called dlelectric abaorptlon.lu

This property of the capacitor
dlelectric results in an oquivalent cirecuit as shown in Plg. 7-5.
When & pulse of current 18 applled to the capacitor, cO wlll charge
immedlately. c1 will not charge immediately because of the resis-
tance Bl. When the current pulse is removed e, will change value
due to the charging of C,. After a 40 x 10~ amp current pulse has
been applied to a .01 x 10~Ofarad paper capacitor for 10 x 107°
second a voltage drop as high as 2 volts can be observed. This effect
is greatly reduced by using a mica capecitor. Howvever, no numerical
calculation or experimental measurements have been made to justify
neglecting this phenomena.

7.3 WHITE CATHODE FOLLOWER

A vacuum tube circuit which is capable of about t 150 ma out-

put currents and which has a very lowv incremental output impedance
has been designed for use with the four diode bridge gate. This
circuit which has a non-linear plate load resistance is illustrated
in Pig. 7-6. The combination of the zener diode D1 is and reslstance
RL form the non-linear plate load. The other zemer diode D2 is

used to couple the plate of Tl with the grid of T2. A complete
piecevise linear analysis of this oircult is included in Appendix

II. The important results can be easily summarized. The circuit

is capeble of & positive output current of E - E;, The negative

r
output current can be as high as Eg. Both of Pthese currents are

r
p
maximum currents outputs calculated without driving any grid posi-

tive. The incremental output resistance near the point where 13 = 0
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is given in Eq. 7-5.

2
ry = Tp * rﬁ; - :g 7.5
R(1 +p+u%) + rP(E + u) 1)

The approvimation assumes R>>rP and u>1. There 1s & breskpoint
in the output resistance for comparatively small positive values
of output current. To prevent this breakpoint from interfering
with the aystems atabllity it has been shifted by applying & current
bias to the output. The experimental output characteristics af the
unbiased White cathode follower are shown in Flg. T7-7.
7-4% Blocking Oacillator 7.6
7.8

A blocking Oscillator was bullt for use with the four diode
bridge gate. The circuit diagrams for this trigpger source is shown
in Fig. 7-8. The output pulse on the collector of T2 18 a 75 Volt
pulse with rise and fall times of about .2 u seconds. This output
stage can deliver up to 800ma of current through the enabled gate.
A very limited pulse width adjustment is provided for this circult.
The pulse width can be varied from 5 to 9 yu seconds. The real dis-
advantage of this blocking oscillator is it limited pulse repetition
rate. The resistor and diode in psrallel with the windings of each
transformer are used to prevent inductive overshoot. By allovwing
this overshoot to increase the pulse repetition rate can also be
increased. By decreasing the output current of the output trans-
former the pulse repetition rate can also be increasmed.

7~5 Qutput Buffer

The output buffer for the storage gate must drain vevy little
current from the storage capacitor. A special purpose tube Raytheon
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Flg. 7-5 A Real Capacitor
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Fig. 7-6 White Cathode Follower with Non-Linear Plate Resistance
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CEK5755 18 especlally designed to keep grid leakage current at about
10"%amps. This current 18 less than the current through the gate.
This tube is used as a cathode follower in the output buffer. The
cathode reslistor of the cathode follower must be kept high (about
1 meg) in order to take advantage of the tubes special properties.
This high resistnace in the cathode follower prevents the clircuit
from being loaded down. Another cathode follower follows this first
cathode followver 1n order to make the output of this stage more

usable. A bias adjustment i3 also provided in the circult.



105

APPENDIX I

The eg vs 18 plot for the four diode bridge gate can be obtain-
ed by a graphical procedure , Eqs. 3-2la and 3-21b from which this

procedure i3 derived are repeated here for convenience.

Ep = igRp = f [iz - 132] + 1 [fz i, ] 3.21a

[

0 = r[fx;__ig} -r[j?‘;_‘x] 3.21b

The steps below are followed to determine a single point on the

i t.
eg vs g plo

1) plot f [iT + ig] vs 18 for an arbitrary i,

2) plot r~[fg - 15} v8 1g

'3) add 1) and 2)
4) plot Ep = in By (include here trigger source non lin-

earities)
5) 1insersection of 3) and 4) are possible operating points.
6) compute ey by subtracting 1) and 2)
T) plot e_ vs &

g 8
8) try again for snother 1n (1e. go back to 1)

(one point, with ip 88 2 parameter)

If in following this procedure 3) and 4) don't intersect, the value
which was arbitrarily chosen for iT can never occur. While this
procedure may seem rather time consuming at first glasnce, a good
estimate of eg vs 18 can actually be obtained rather quickly in
practice. If 1? is a current source only the subtraction of Eq.

35=«21b need be performed.
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APPENDIX II

The plecewise linear analysis of the White CathodsFollower
is outlined below. It is always assumed that the current through
D2 is & small percentage of the curremt through Tl‘ This approxi-
mation allows us to neglect the bias resistor which goes from the
grid of T2 to the ~300 Volt supply.

Equations for Both tube in linear range and D1 non conducting.

®1 = lpy Tp -k oy
®po = lpo Tp - B e
Ep = 1lpip R + 0y + ey - K
B, = Ly R +e, +e,,-E,

E

in %1 * %2 " B
o tilg o= 1y
given Ein’ 10 find 8Los @0 ibz’ igg, 8.1 ®on

0 I [ry, 0 -1 0 = o 1., |
; 0 0 r, 0-1 0-u| i,
By, + E, /R0 11 0 0 e,
Eb + Ec -8, R 0 0 0 o0 1 &0
E, + E, 0O 0 0 1 1 0 Aecl

i 1, ] 11 -1 00 0 0] |ey]

Listed below are the total equations for the White Cathode follower's

currents and voltages
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D= R[1+w+u’] +r [2+n]
Dlpy =Dy = Ly (L4 wry] +uE +[1+u+u® |5 4
+[1+ 20+ w®] B+ [-u-n® o,
Di,, =D, = ["‘p“(1*“*“2)1‘]10*“3111*[3+“+“2]Eb
+ [1 + op 4+ ue] E, + [-u—ug} e,
Dopy = Dy = [»% -wr R|1 + [-ur -uren® R) B+ [r
vour B +[r +ur -ur-u®R]E + [-ur +u7R ],

p

De,, = D, = [- rp2 - rpn}1°+ [uan + urp] min+[ ry - urp] B,

+[rp+u23]3c+[u}z+urp}ez
Dey, = Dy = [rpgvo-rpR:lic-f[E‘rp-kR-l»uR]Ein-f- [—rp

+urp]Eb+ [B+uﬂ+rp+urp] Ec-o-[- urp-u.R“]ez

Decg = 136 = [— rpn-urpn}io—;mnm+ [Qrp-i-urp]Bb

+ [Erp+urp-uf?]Ec+[-R«-urp-?)rp}az

When T, cuts off the following equations apply 1b2 = 0

i, = “ Ein [1+g E]Eb [14—2}{4»;:3]%-{&;& }ez

5 D
1533111 E‘fnb -[ DIHLJ By + ~+___u[; +R]°z
D' = r_+ (14 u+ ud)R

e

Eliminating Ein

BRL1 - = uEb+(1+u)Ec—u.az

The equation with T, cut off is then
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(R+r

e, = Bb : un . B,

The equation below applies only at the point of cutoff.

2 r + R [r + R]
e - E - 1l + E_ 4+ [
o D]" in -TP- l‘:b [ D ][ Jﬂ‘-] c L‘-—-—-{-—-—-—'D 2
The next break point will ocecur when D, begins to conduct at

E
10 = ’ﬁ‘é
(r_+ R)E
+ E
Ty T + T T+p "

1°>§_§.

r (B, - E;)
- i+ Z + E
T+ °© TR T+ B
E

r - E
Lo+ pib Eb
These equations are good until 8, goes positive

at e, = 0 1, = E, - fz - By

b

& = By

A break point will occur for negative io when the grig of ‘1‘2 goes
positive. €y = 0

- 2r_ + ur
o * Y E 4 pr Fin +r"'§p+ %3 *p
p b P jo
+ ur R  ur_+ 2r
E - .+ D o
R ¥ p.rEF ¢ rpﬁ ¥ urpﬁ Z

. r D
vy PP ey



-rf (24 ) + RS (L4 p+ut) 4 rR (1)) g

2
1T + 1) ¢

+ R° (1'+u+u2)+rp2 (2+u)+er. (u2+2u+3)
R (L + 1)

The results of these calculations are summarized in Fig. A-2.
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