Appendix 12: Cumulative Distribution,
Percentile Functions, and
Random Numbers

The functions described in this appendix are used in more than one procedure. They
are grouped into the following categories:

Notation

Special Functions. Gamma function, beta function, incomplete gamma function
(ratio), incomplete beta function (ratio), and standard normal function

Continuous Distributions. Beta, Cauchy, chi-square, exponential, F, gamma,
Laplace, logistic, lognormal, normal, Pareto, Studdntisiform, and Weibull

Discrete Distributions. Bernoulli, binomial, geometric, hypergeometric,
negative binomial, and Poisson

Noncentral Continuous Distributions. Noncentral beta, noncentral chi-square,
noncentraF, and noncentral Student's

The following notation is used throughout this appendix unless otherwise stated:

f(x) Density function of continuous random variable X

F(x) Cumulative distribution function of X

Xp 100pth percentile such that F(xp) =p for0<spsl

Prob(X = x) Probability density (or mass) function of discrete random
variable X

Prob(X < X) Cumulative probability density function of X
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Special Functions

Gamma Function

r(a)= I x¥le™dx  a>0
0

Properties
e T(M=1

. T@/2)=+Vm
e T(@=(a-yr(a-1 a>1
« [(a)=(a-1)! whenaisapositiveinteger

Note. Since I'(a) can be very large even for a moderate value of a, the (natural)
logarithm of I'(a) is computed instead.

References. ThelIn(I" (a)) function: CACM 291 (1966) and AS 245 (1989).

Beta Function

1
B(a,b) = _[ x¥L1-x)P2dx  a>0,b>0
0

Properties
* B(al)=1/a

°B(

N

3)=n
. B(ab)=r(ar(b)/T(a+h)

e B(b,a)=B(ab)
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e B(ab)=(b-1)B(a+Lb-1)/a
« B(ab)=(a+b)B(a+lb)/a

Note. Usually, B(x, y) is calculated as:

B(x,y) = exp(In(T (x)) +In(T(y)) = In(T (x +y)))

Incomplete Gamma Function (Ratio)
X
IG(x;a) = I 1 jagty x>0
ol(a
xp:IG_l(p;a) = p=1G(xp;a) O<p=1
fora>0

Properties

e IG(x1)=1-e7%

e Using integration by parts, for a>1,

IG(x;a) = x2e X +1G(x;a+1)

1
MNa+1

Note. IG'l(J, a)=oo,
References. AS 32 (1970), AS 147 (1980), and AS 239 (1988).

Incomplete Beta Function (Ratio)

X
IB(x;a,b) :_[ Lta‘l(l—t)b‘ldt 0<xs<1
o B(a,b)

xp =B (pmab) = p=IB(xpab) 0<ps<i
fora>0andb>0
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Properties

« IB(x;al) =x?

sn1yx

SIS

»  Using the transformation t = sin® 8, we get 1B(x;3,3) =
e IB(x;a,b)=1-1B(1-x;b,a)

e Using integration by parts, we get, for b>1,
I(a+b)

agm _y\b-1 . _
I'(a)F(b)X (1-x)" " +IB(x;a+1Lb-1)

IB(x;a,b) =

«  Using the fact that dixa(l— x)° = ax®(1-x)°? - (a+b)x?(1-x)°?
X

we have
M(a+b)

am_\b .
mx (1 X) +IB(x,a+Lb)

IB(x;a,b) =
References. AS 63 (1973); Inverse: AS 64 (1973), AS 109 (1977).

Standard Normal Function

d(x) :ﬁo%
Xp=®7H(p) = ®(X)=p

2
e U 2qy —00<X<00

For ®1, the Abramowitz and Stegun method is used.

References. AS 66 (1973); Inverse: AS 111 (1977) and AS 241 (1988). See Patel
and Read (1982) for related distributions.
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Continuous Distributions

Beta (x;a,b).0sx<la>0andb>0

_ 1 a-1/_,\b-1
f(X)_B(T,b)X (1-x)

F(x) = IB(x;a,b)
xp =B (pab) 0<psi

Note. Uniform(0,1) isaspecia case of betafor a=1andb =1.

Random Number

Special case

1. Generate U from Uniform(0,1).

2. Ifa=1, st X=1-(1-U)'P,

3. Ifb=1,set Xx=UY2

4. Ifbotha=1landb=1,set X=U.

Algorithm BN due to Ahrens and Dieter (1974) fora>1andb>1

1. Sete=a-1f=b-lLc=e+ f,g:cln(c),u:e/c,ands:O.S/JE.

2. Generate Y from N(0,1) and set X =sY +u.

3. If X<0orX>1,gotostep 2.

4. Generate U from Uniform(0,1).

5. If In(U)<(eln(X/e)+ fIn((1-X)/ f)+g+05Y?), finish; otherwise go to
step 2.

References. CDF: AS 63 (1973); ICDF: AS 64 (1973) and AS 109 (1977); RV: AS
134 (1979), Ahrens and Dieter (1974), and Cheng (1978).
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CaUChy(x;a,b).—oo<x<oo, —ow<a<o and b>0

X, =a+btan(nm(p-1/2)) 0<ps<1

Random Number

Inverse CDF algorithm
1. Generate U from Uniform(0,1).
2. Set X=a+btan(m(U -1/2)).

Chi-Square (x;a). x=0anda>0

1 1 -
«(@/2)-15-x/2

by the incomplete gamma function on p. 4.
o1l pa
x,=21G (p,i) 0<psl

Note. It isthe Gamma(x; a/2, 1/2) distribution.
Random Number
Generate X from the Gamma(a/2, 1/2) distribution.

References. CDF: CACM 299 (1967); ICDF: AS 91 (1975), AS R85(1991), and
CACM 451 (1973).
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Exponential (x;a). x>0, a>0

f(x)=ae"

F(x)=1-e

xp:—lln(l—p) O<p<l
a

Note. Thisisthe Gamma(x; 1, a) distribution.

Random Number

Inverse CDF algorithm
Generate U from Uniform(0,1); X =-In(1-U)/a.

F (x;a,b).x=0andb>0

= 1 (E)alzx(alz)_l(1+éx)_(a+b)/2
B(a/2,b/2)\ b b

F(x) = IB( g)

b 1B~ (p;al2,b/2)
P al1-1B (pal/2,bl2)

~

ax
b +ax

N

J Osp<1

Random Number

Using the chi-square distribution

1. Generate Y and Z independently from chi-square(a) and chi-square(b),
respectively.

2. SetX=(Y/a)l(Z/b).

References. CDF: CACM 332 (1968). ICDF: use inverse of incomplete beta

function.
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Gamma (x;a,b). x=0,a>0,andb>0

Note. The Erlang distribution is a gamma distribution with integersaand b = 1.

Random Number

Special case

If a=1and b > 0, generate X from an exponential distribution with parameter b.

Algorithm GS due to Ahrens and Dieter (1974) for 0<a<landb=1

1. Generate U from Uniform(0,1). Set c =(e+a)/ e, where e=exp(l).

2. SetP=cU. IfP>1,gotostep4.

3. (P<1) Set X= PY2. Generate V from Uniform(0,1). If V >exp(-x), go to
step 1; otherwise finish.

4. (P>1)Set X=-In((c=P)/a).If X<0, gotostep 1; otherwise go to step 5.

5. Generate V from Uniform(0,1). If V > xa?t go to step 1; otherwise finish.

Algorithm due to Fishman (1976) for a>1andb=1

1. Generate Y from Exponentia (1).

2. Generate U from Uniform(0,1).

3. If InU<(a-1(1-Y+InY), X =aY; otherwise go to Step 1.

References. CDF: AS 32 (1970) and AS 239 (1988); ICDF: Use the relationship
between gamma and chi-square distributions. RV: Ahrens and Dieter (1974),
Fishman (1976), and Tadikamalla (1978).



Appendix 12 9

Laplace (x;a,b). —o <x <o, —w<a<w, andb>0

F(x) = g x-allb

2b
%e(x—a)/b Xx<a
F(x) =
( ) l_%e(a—x)/b Xx>a
a+bln(2p) O<ps<3
Xp = 1
a-bin21-p)) 2<ps1

Note. The Laplace distribution is also known as the double exponential distribution.

Random Number

Inverse CDF algorithm

1. Generate Y and U independently from Exponential(1/ b) and Uniform(0,1),
respectively.

2. 1fU=3,set X=a+Y;otherwiseset X =a-V.

Logistic (x;a,b). —w <x <o, —w<a<w, andb>0

_1 —(x-a)b ~(x-a)/b\ 2
f(x)—Ee (1+e )

_ 1
F(x) = L+ ()b
xp:a+bln(ﬁ] O<sps<l

Random Number
Inverse CDF algorithm
1. Generate U from Uniform(0,1).
2. Set X=a+bIn(U/(1-U)).
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Lognormal (x;a,b). x>0,a>0,andb>0

_ 1 (n(a)’s(20?)
)= ovar®

Random Number

Inverse CDF algorithm
1. Generate Z from N(0,1).
2. Set X=aexp(bz).

Normal (x;a,b). —o < x <0, -0 <a<ow,andb>0

1 -(x-a)’/(20°)

For ® and @2, see “Standard Normal Function” on p. 5.

Random Number
Kinderman and Ramage (1976) method
1. Generate aX = a+ bz, wherezis anN(0,1) random number.

References. CDF: AS 66 (1973); ICDF: AS 111 (1977) and AS 241 (1988); RV:
CACM 488 (1974) and Kinderman and Ramage (1976).



Pareto (x;a,b).x=a>0andb>0

alx
b
F(x) :1—(3)
X
Xp =a(l- p) VP 0<ps<1

Random Number

Inverse CDF
1. Generate U from Uniform(0,1).
2. Set X=a(l-uU)™VP,

Student’st (x;a). —o<x<owanda>0

—-(at+1)/2
f(x):; 1+X_2
JaB@/21/2)|" a
1 a ,al
e e IR
F(x) =

1_1”3 LZ;E’E x>0
2 atxc 2 2

el fee3 3

\/a(ll(lB_l(Z(l— P2.4)-1) L<ps1

o
IN
©
IN
N

Xp

When a =1, thisisthe Cauchy distribution (Cauchy(x; 0, 1)).

Appendix 12 11
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Random Number

Special case

If a=1, generate X from a Cauchy (0, 1) distribution.

Using the normal and the chi-square distributions
1. Generate Z from N(0,1) and V from Chi-square(a) independently.
2. SetX=2Z/\Vl/a.

References. CDF: AS 3 (1968), AS 27 (1970), and CACM 395 (1970); ICDF:
CACM 396 (1970).

Uniform (x;a,b). a<x<b, —o<a<b<ow

Random Number

Inverse CDF algorithm
1. Generate U from Uniform(0,1).
2. SetX=a+(b-aU.

References. Uniform of (0,1) is generated by the method in Schrage (1979).

Weibull (x;a,b). x=0,a>0, andb>0

b-1
1= 2(X] " e 0a

F(x)=1-e 43"

Xp = a(=In(1- p))ﬂb O<psl



Random Number

Inverse CDF algorithm

1. Generate U from Uniform(0,1).

2. Set X=a(-In1-U)"".

Discrete Distributions

Bernoulli (x;a).x=01and0<a<1

Prob(X = x) = a*(1-a)}
l-a x=0

Prob(sz):{1 (=1

Random Number

Special case
Ifa=0, X=0.1fa=1, X=1.

Direct algorithm for 0<a<1
1. Generate U from Uniform(0,1).
2. Set X=1lif U<a (asuccess) and X =0 if U >a (afalure).

Binomial (x;a,b).x=04,...,aa=12,..., and0<sb<1

Prob(X = x) = [i]bx(l— b)a

1-1B(b;x+lLa-x) x=01...,a-1

Prob(sz):{
1 Xx=a

Appendix 12 13
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Random Number

Special case
Ifb=0,X=0.1fb=1X=a

Algorithm BB due to Ahrens and Dieter (1974) forO<b<1
1. Setc=a,d=bk=0,y=0, andh=1.
2. If ¢<40, generate J from Binomial(c, d) using algorithm BU. X =k +J.

3. If cisodd, go to step 4. If cis even, set c=c—-1 and generate U from
Uniform(0,1). If U<d, set k =k +1.

4. Set s=(c+1)/2 and generate Sfrom Beta(s, s). Set G=hSandZ =y +G.

If Z<b, st y=Z h=h-d, d=(b-2)/h andk=k+s; otherwise set
h=Gandd=(b-y)/h.

6. Setc=s-1andgotostep 2.
Computation time for algorithm BB is O(log a).
References. RV: Ahrens and Dieter (1974).

Geometric (x;a).x=12,... and0<a<1

Prob(X = x) = a(1-a)* !
Prob(X < x) =1-(1-a)*

Note. Geometric is a specia case of the negative binomial (x; 1, a).

Random Number

Special case
Ifa=1 X=1.

Direct algorithmforO<a< 1

1. Set X=1

2. Generate U from Uniform(0,1).

3. IfU>a,sat X=X+1andgo to step 2; otherwise finish.
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Hypergeometric (x;a,b,c). x = max(0,b+c-a),..., min(c,b);a=12,...;b=12,...,a

andc=12,...,a

Prob(X < X) = ZbProb(X =K)
k=max

0,b+c-a)

Random Number

Special case
Ifb=a X=c Ifc=a X=b.

Direct algorithm
1. (Initidlization) X=0,g=c,h=Db,t=a.
2. Dothefollowing loop exactly b times:
Begin Loop
i. Generate U from Uniform(0,1).
ii. IfU<(g/t),set X=X+1,g=g-1 eseh=h-1.
iii. If g=0,gotostep3.

iv. If h=0,set X=X+b-i,wherei (from 1to b) isthe loop index. Go to
step 3.
v. Sett=t-1
End Loop
3. Finish.

References. CDF: AS 152 (1989), AS R77 (1989), and AS R86 (1991).
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Negative Binomial (x;a,b). x=a,a+1,...;a=12,... and0<b<1

x-1 X-a
Prob(X = x) = (a_l) b?(1-b)

Prob(X < x) = IB(b;a,x—a+1)

Random Number

Special case
Ifb=1, X=a.

Direct algorithm
1. Generate G from Gamma(a b/ (1-b)).

2. 1f G=0, goto step 1. Otherwise generate P from Poisson (G).
3. Compute X =P+a.

Poisson (x;a).x=0,2,... anda>0

X

Prob(X = x) = 2 ea
x!

Prob(X < x) =1-1G(a;x+1)

Random Number

Algorithm PG due to Ahrens and Dieter (1974)

(Initialization) Set X =0 and w=a.

If w>16, goto step 6.

Set c=exp(-w)and p=1.

Generate U from Uniform(0,1). Set p= pU.

If p<c, continue with step 6; otherwise set X = X +1 and go to step 4.
Set n=[7w/ 8]. Generate G from Gamma(n, 1).

If G>w, generate Y from Binomia(n-1Lw/G),set X=X+Y.

O N o o b~ 0w DdPRE

If Gsw,set X=X+n,w=w-G, and go to step 2.
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Notes. [y] means the integer part of y.
Steps 3to 5 of Algorithm PG arein fact the direct algorithm.
References. RV: Ahrens and Dieter (1974).

Noncentral Continuous Distributions

Noncentral Beta (x;a,b,c).0<x<1,a>0,b>0, andc=0

c () ooz Xt
JZO B(a+j;b)
Zi() e ¥?IB(x;a= j,b)
=2

Note. ¢ is the noncentrality parameter. If ¢=0, F(X) is the (centra) beta
distribution function.

References. CDF: Abramowitz and Stegun (1965, Chapter 26), AS 226 (1987), and
AS R84 (1990).

Noncentral Chi-Square (x;a,c). x=0,a>0, andc=0

0= L[5 een
Z i\2 282*Ir(a/2+])

The noncentral chi-square random variable is generated as the sum of squares of a
independent normal random variates each with mean y; and variance 1. Then

= Z 1i?
Note. ¢ is the noncentrality parameter. If ¢=0, F(X) is the (central) chi-square

distribution function.

References. CDF: Abramowitz and Stegun (1965, Chapter 26), AS 170 (1981), AS
231 (1987). Density: AS 275 (1992).
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Noncentral F (x;a,b,c).x=0,a>0,b>0, andc=0

0 i al2+] ] ~((atb)/2+])
f(x) = Z%(E) ooz (/0777 xa/2+1_1(1+3x)

= 2 B(a/2+j,b/2) b
_oolcj—c/z ax a .b
F‘X)‘;ﬁ(z) o5 3" 13)

The noncentral F random variable is generated as the ratio between two
independent chi-sguare random variables. The numerator is a noncentral chi-square
random variable (with parameters a and c) divided by a. The denominator is a
central chi-sguare random variable (with parameter b) divided by b.

Note. c is the noncentrality parameter. If ¢ =0, F(X) is the (central) F distribution
function.

References. CDF: Abramowitz and Stegun (1965, Chapter 26).

Noncentral Student’s t (x;a,c). —w<x<o, a>0, and - <c< oo

& j! M(al2)r(1/2) gi+v/2

00 . ; -(a+j+1)/2
- zi(c\/_) 12 M((a+j+1)/2) XJ) [1+§]

j+1)/2 -
1 i cJ_’ e [+ )IB[ a -3”1] X<0

2 & j r/2) a+x?'2" 2
1 1 e C /2 I+ a a j+1
1-=N —(c IB] = x>0
221 ‘/— r(1/2) (a+x2 2" 2 )
Special case
F(0)=1-d(c)

The noncentral Studenttsrandom variable is generated as the ratio between two
independent random variables. The numerator is a normal random variable with
meanc and variance 1. The denominator is a central chi-square random variable
(with parameten) divided bya.
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Note. c is the noncentrality parameter. If ¢=0, F(X) is the (central) Students
distribution function.

References. CDF: Abramowitz and Stegun (1965, Chapter 26), AS 5 (1968), AS 76
(1974), and AS 243 (1989).

Algorithm Index

AS 3: Cooper (1968a)

AS 5: Cooper (1968b)

AS 27: Taylor (1970)

AS 32: Bhattacharjee (1970)

AS 63: Majumder and Bhattacharjee (1973a)
AS 64: Majumder and Bhattacharjee (1973b)
AS 66: Hill (1973)

AS 76: Young and Minder (1974)

AS 91: Best and Roberts (1975)

AS 109: Cran, Martin, and Thomas (1977)
AS 111: Beasley and Springer (1977)

AS 134: Atkinson and Whittaker (1979)
AS 147: Lau (1980)

AS 152: Lund (1980)

AS 170: Narula and Desu (1981)

AS 226: Lenth (1987)

AS 231: Farebrother (1987)

AS 239: Shea (1988)

AS 241; Wichura (1988)

AS 243; Lenth (1989)

AS 245: Macleod (1989)

AS 275; Ding (1992)

AS R85  Shea (1991)
CACM 291: Pike and Hill (1966)
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CACM 299: Hill and Pike (1967)
CACM 332 Dorrer (1968)
CACM 395: Hill (1970a)

CACM 396: Hill (1970b)
CACM 451: Goldstein (1973)
CACM 488: Brent (1974)
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