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Complex Samples: Covariance Matrix of Total 

Introduction 
This document describes the algorithms used in the complex sampling module procedures for 
estimation of covariance matrix of population total estimates. It contains a more general 
formulation of the algorithms given in CSDESCRIPTIVE and CSTABULATE. 

Complex sample data must contain both the values of the variables to be analyzed and the 
information on the current sampling design. Sampling design includes the sampling method, 
strata and clustering information, inclusion probabilities and the overall sampling weights. 

Sampling design specification may include up to three stages of sampling. Any of the 
following general sampling methods may be assumed in the first stage: random sampling 
with replacement, random sampling without replacement and equal probabilities and random 
sampling without replacement and unequal probabilities. The first two sampling methods can 
also be specified for the second and the third sampling stage. 

Notations 

H  Number of strata. 

hn  Sampled number of primary sampling units (PSU) per stratum. 

hf  Sampling rate per stratum. 

him  Number of elements in the thi sampled unit in stratum h , hni ,,1�= . 

hijw  Overall sampling weight for thj element in the thi sampled unit in stratum h . 

hijy  Values of vector y for the thj element in the thi sampled unit in stratum h . 

Ty  Population total sum for vector of variables y .  

n  Total number of elements in the sample. 

N  Total number of elements in the population. 

Weights 

Overall weights specified for each ultimate element are processed as given. They can be 
obtained as a product of weights for corresponding units computed in each sampling stage. 
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When sampling without replacement in a given stage, substitution hihiw π1=  for unit i  in 

stratum h will result in application of the estimator for the population totals due to Horvitz 
and Thompson (1952). Corresponding variance estimator (2) or (3) will also be unbiased. 

hiπ  is the probability of unit i  from stratum h being selected in the given stage. 

If sampling with replacement in a given stage, substitution )(1 hihhi pnw =  yields the 

estimator for the population totals due to Hansen and Hurwitz (1943). Repeatedly selected 
units should be replicated in the data. Corresponding variance estimator (1) will be unbiased. 

hip  is the probability of selecting unit i  in a single draw from stratum h in the given stage. 

Weights obtained in each sampling stage need to be multiplied when processing multi-stage 
samples. The resulting overall weights for the elements in the final stage are used in all 
expressions and formulas below. 

Z expressions 
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For multi-stage samples, index h denotes a stratum in the given stage, and i stands for unit 
from h in the same stage. Index j runs over all final stage elements contained in unit hi . 

Total estimation 
An estimate for the population total of vector of variables y  in a single-stage sample is the 

weighted sum over all the strata and all the clusters: 

∑∑∑
= = =

=
H

h

n

i

m

j
hijhijT

h hi

w
1 1 1

ˆ yy  



CS Covariance Matrix of Total 

 

3 

Alternatively, we compute the weighted sum over all the elements in the sample: 
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The latter expression is more general as it also applies to multi-stages samples. 

Total covariances 
For a multi-stage sample containing a with replacement sampling stage, all specifications 
other than weights are ignored for the subsequent stages. They make no contribution to the 
variance estimates. 

Single stage sample 

Covariance of the total for vector y  in a single-stage sample is estimated by the following: 
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where )ˆ( Th yU  is an estimate contribution from stratum Hh ,,1 �= and depends on the 

sampling method as follows: 

For sampling with replacement  

)()ˆ( 2 ySyU hhTh n=    (1) 

For simple random sampling  

)()1()ˆ( 2 ySyU hhhTh nf−=    (2) 

For sampling without replacement and unequal probabilities 
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In the variance estimator (3), hiπ  and hjπ  are the inclusion probability for units i and j in 

stratum h , and hijπ  is the joint inclusion probability for the same units. This estimator is 

due to Yates and Grundy (1953) and Sen (1953). In some situations it may yield a negative 
estimate and is treated as undefined. 

For each stratum h containing a single element, the covariance contribution )ˆ( Th yU is 

always set to zero. 
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Two-stage sample 

When the sample is obtained in two stages and sampling without replacement is applied in 
the first stage, we use the following estimate for the covariance of the total for vector y : 
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hiπ  is the first stage inclusion probability for the primary sampling unit i  in stratum h . In 

case of simple random sampling, the inclusion probability is equal to the sampling rate hf  

for stratum h. 

hiK is the number of second stage strata in the primary sampling unit i  within the first stage 

stratum h. 

)ˆ( Thik yU is a covariance contribution from the second stage stratum k  from the primary 

sampling unit hi . It depends on the second stage sampling method. Corresponding formula 
(1) or (2) applies. 

Three-stage sample 

When the sample is obtained in three stages where sampling in the first stage is done without 
replacement and simple random sampling is applied in the second stage, we use the 
following estimate for the covariance of the total for vector y : 
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hikf  is the sampling rate for the secondary sampling units in the second stage stratum hik . 

hikjL is the number of the third stage strata in the secondary sampling unit hikj . 

)ˆ( Thikjl yU  is a covariance contribution from the third stage stratum l contained in the 

secondary sampling unit hikj . It depends on the third stage sampling method. 

Corresponding formula (1) or (2) applies. 

Total variance 

Variance of the total estimate for the rth element of the vector Tŷ , is estimated by the rth 

diagonal element of the covariance matrix for Tŷ  

rrTrTV )y(Vy ˆˆ))ˆ((ˆ = . 
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Population Size Estimation 
An estimate for the population size corresponds to the estimate for the variable total; it is 
sum of the sampling weights. We have the following estimate for the single-stage samples: 

∑∑∑
= = =

=
H

h

n

i

m

j
hij

h hi

wN
1 1 1

ˆ . 

More generally, 
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Variance of N̂ is obtained by replacing hijy  with 1, i.e. by replacing hijz with hijw in the 

corresponding variance estimator formula for )ˆ(ˆ
TyV . 
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