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' zln'lroduction

\ There are numerous integral transforms [1-4] to solve
differential equations and integral equations. Of these, the
- Laplace transformation is the most widely used. In view of
. many interesting properties which make visualization
asier, we introduced a new integral transform, termed as
~Transformation and applied it to the solution of fluid
ow problem (Linear differential equations). Subsequently,
e derived the N-Transform of different functions and
derivatives used in engineering problems. In this paper we
discussed the basic theory of N-Transform with supporting
‘examples and presented a table. The specialty of this new
ansform is the convergence to the Laplace and Sumudu
nsform. It works as a check on these two mentioned
insforms. Here we also give application of N-Transform
an unsteady flow problem of a viscous fluid due to an
cillating plane wall [5].

efinition and basic theory

I ]ii  Definition: Let f () be a function defined for all r > 0.The
- N —transform of f(t)is the function R(u,s) defined
by

=)

 R(u,s) = N(f) = [ flue™dr (1)
g 0

i provided the integral on the right exists. The original
| function f(r) in (1) is called the inverse transform or

i _ inverse of R(u,5) and is denoted by

! " f(r)=N_1{R(tr,s)}

Ti " N-Transform of elementary functions

oy

- Exponential function
I8 Let f(t)=e™,whent 2 (), where a is a constant, the N-

i ~transform of this function can be written as
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Abstract

A new integral transform similar to Laplace and Sumudu transforms is introduced. It converges to
both transforms just by changing variables. A table is presented for existing Laplace and Sumudu
transforms. To explain the use of N-Transform in linear differential equation, an example of
unsteady fluid flow over a plane wall is presented.

N(edf)= je(ﬁﬁ'e'!‘ld[
0
b
= lim [e U " dr

b=

0
e-(s-au )

lim

1}

S—au

§ — au

Laplace transform, (u = 1)
s—a

1

1—au

Sumudu transform, (s = 1)

Unit step function:

© L, t>0
H(t)y=
0,:1<0

-5t

N u(:)]= Ie_srdr = lim — = —
0 b— = s

1
- Laplace transform, (u = 1)
=9y
1 Sumudu transform, (s = 1)
Sufficient condition for the existence of
N-Transform .
Theorem 2.1: If f(t) is sectionally continuous in every
finite interval 0<t < Kand of exponential order ¥

fort > K, then its N-Transform R(u,s)exists for all
s> yu>7.
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Proof:
We have for any positive number K,

oo K o0
If(u.')ﬂ_ﬂdr = e S(ur)dr + j'eaﬂf(u!)dr
0 0 K

Since f(t) is sectionally continuous in every finite
interval Q<1< K, the first integral on the right side
exists. Also the second integral on the right exists, since f{t)
is of exponential order ¥ for t > K . To see this we have
only to observe that in such case

e f(unydr
K

f[ur)P

[f(ur)’dr

ggeiﬂMe}mdr =
s—

Properties of N-transform

Linearity property

Theorem 2.2: If a & b are any constants and f (1) and
g (1) are functions, then

Naf (1) + bg(0)} = aN{f (0} + N {g(0)}

Proof:

oo

N{f)fé (ut)e d!andN(g)= Ig(ul)e—“"d!
0

Then if a & b are any constants.

Nyaf () + hg(l')}: [e_“ {af{u!) + bg (ut )}dr
0

=a (e ™ fundr +b (e glur)dr
0 0

=aN(f)+bN(g).

Example:

N{3f + dcos 2t} = IN(r) + 4N(cos 2r)

— + 5 Laplace transform, (4 = 1)

4
3u+ 5 Sumudu transform, (s = 1)
1+4u”

First translation or shifting property

Theorem 2.3: let
t 20 then

[‘”fm]

f(2) be a continuous function &

us
S—au | §—au

r
Proof: The N-transform of e f(f) is given by

N r )= A N flunyr

S—au
Therefore by change of variable [ w= f ) we get
s

T o QR e usw 5 s
N[e“'fm]= e ™ j¢ Ydw = R( ]

s—au 0 5=~ au s—au 5 —au

1
R[ " J Sumudu Transform (s = 1)

=<1—au 1-au

R(s-a)

Change of scale property
Theorem 2.4: If N {f (r)}:

N{f(at)}= :Tk(s.u)
Proof:

Laplace Transform (u = 1)

R(s.u) then

N(f(at) = Je
0

T f Caur )t

dp
* fup) 2

a

fe “f(up)dp
a

N
R—u

{R(au

&
1
a
1
a

Sumudu transform (s = 1)

Laplace transform (u = 1)

Using the transformation p = at.




N-Transform of derivatives
Theorem 2.5: If N{f(a)}: R(s.u) then
7 § (0)
n{r}= Lresay- LY
u

H
Proof:

N{rn}= ée’“ £ ut ydr

N 4 =8 pr
= lim [e © f'lur)dr

P
T )P P
¢ ur ? B
= lim . i e L £ (ut )dt
p=¥sa u 0
u
0
e P flup)  f(0)
- +
. u u
= lil_? p
p—ee —_
£ fe '"f’(u.l)d!
u 0
5P 0
- S fe f( i )dr — _"-_(J
u 0 u
g 0
B _ Ry L0
u u

' Theorem 2.6: If N{f(r)}: R(s.u) then

2 N
3 0
N{f”(ﬂf J}= %R(S.tl) . _sz_j(()) = f_(_)
u

u u

Proof:

By theorem 2.4 N{G'(r)}: iN{G([)}‘_. A
u u

Let G(t) = f'(t) Then

(0
N{f”(r)}:iN{f’(r)}f&
U

(0 (0
ziiNUH}f ?_fﬁ
i u u
52 £700)
=T {f(r)}f*f(())— .
u u u
2 ,
; )
- s—zR(-‘v“)‘a—zJ'(O)— fi
113 u u

The generalization to higher order derivatives can be

proved by using mathematical induction.
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N-Transform of integrals

Theorem 2.7: If N {f(!)}= R (s.u) then
N{r]f(p)dp} =L r(s,u)
0 5

Proof:
!
Let G(r):(j;f(p)dp. Then G'(£)= f(t) and

G(0)=0. Taking the N-Transform of both sides, we
have

0
vgwt=Snfoml- L2
173

u
=2n{G0} = R(s.u)
u
Thus

Infei}=rea) = M} = LRG0
u s

! u
N{]f{p)dp} =—R(s5,u)

0 s

Application of N-Transform in fluid flow
problem [5]

The governing equation for the flow over a plane wall
which is initally at rest, it sets in motion due to the
oscillation of the plane wall and the fluid stays in the
region of y 20 and the x—axisis chosen as the plane
wall [5] 1s

B i (3)
or 3}!2

With an initial and boundary conditions are

(0, y) = 0,u(t,00) =

(4)
0, and u(t,0) = U cos ax

Now we will take N-Transformarion with respect to

“0" with the notation that N[u(t, y)] = R(s,u,y) of
equation (3) and of the boundary conditions of equation (4)

2
o du o u
(l)impliesthat N|— |=N v— (5)
dt B\,

[au azu
Nl —|[=WwW|—%1|
or ayZ

N|:auj| - iR(&u. y)— w0
dt

i u
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s
=—R(s,u,y)-0

u

5
== R(s,u,y) (6)

u

& B 32[R(s.u. ¥
_a_v2 oy’ Q)
=R"(s,u,y)

Now we will take N-Transformation of boundary
conditions.

Nlu(e=, y)] = N[0]
R(s,u,o)=0.

Nlu(r,0)] = N[U cos @t]
R(s,u,0) = UN[c:os m]
R(s,u0)=U

s+ u

By putting equation (6) and equation (7) in equation (5)

s
—R(s,u,y) = VR (s,u,y)
u

2

d 5
—7 R(s,u,y)——R(s,u,¥)=0
dy vu

The characteristic equation of the above differential
equation is

2 & 5
Df——=0=>D=%|—
v v

Since the roots are real and distinct therefore the
solution is of the form

k) , s
. oY
uv uv

+ C'28

Now we will find ¢ andc,by using boundary
conditions Eq. (8).
First boundary gives

R(s,u,y)=cpe (8)

R(s,u,) = clem + CQ?W

To make it bounded let ¢; = 0 thus
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e
R ¥ uv’
(s.u,y)=cqe (9

Second boundary condition gives

0
R(s,u,0) = coe = U = 3772

Now we will put the valves of ¢ande, in equation (8)

_\[iv
s v
5 2. 0%

S +@ Uu

we get

R(s,u,y)=U

Now using partial fraction we will get

exp(—\ L y) exp(—, — y)
ub uv

R(s,u,y)=U— - -
2 s+iou

s—iau

[ § 5
expl —,[— ¥ | expl—=¥
1 P[ v } { v -
U- + = Laplace transform (u =1)
2 s+iw s—i@
_ex (7 1] y| expl - Ly.
oV i
U— + - Sumudu transform (s =1)
2 | +iau I—ion

Whose inverse Laplace Transform is

u 'l_m ¥ =
e Pt}
{ o H , J,-;ﬂ
== ;

+ llcxp(—nax){cxp{— ¥ _2](5&[ i = \m]jl +

4 V v 2Yum

expl -y —i—m erfc L+ j 9
(M) 0

Using non-dimensional variables and for large time,
[5] obtained the following steady state solution.

R )]




The dimensionless velocity for the steady state
condition is shown in Fig. 1. The velocity profiles are
obtained for t=0,1 , 2, and 3 seconds. These profiles show
the oscillatory motion of the plate.

1

~ Fig. 1. Dimensionless velocity distribution for various values of
~ time.
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Conclusion

A new transform is introduced and its properties are
mentioned. It is demonstrated that the theorems related to
Laplace and Sumudu are also true for this new transform,
Finally, the new transformed is applied to a fluid flow
problem and the resuits are compared with the existing
solution.
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~ Appendix
Special N-transforms and the conversation to Sumudu and Laplace
$.No. () Nlf®)] slro) LIf ()]
1 1
1 1 - 1 -
5 s
i 1
t —= u ==
2 s 5
1 1 1
3 enr
s —au l—au s—a
1 u u 1
4 sinax s’ + o'’ 1+ w'u’ e
s 1 % 5
cos wt 2
5 s+ wtu’ 1+ @tu’ sS+wt
s 1 5
6 cosht S — 1
In—]
= (n-1) (~1n) (n=1) (~In)
7 =D =12 7 AR u s
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S
S No. £ N7 @) slfm) Llf )]
f"'l tn=1y (=In) in=1) {=1m)
8 Tn >0 u'"s u 5
s | §
9 cost Z . 3
5+ B 1+ u” s+ 1
) 7 u ]
10 sint 3 i {4 Frl
. au au a
. b s' —a’u 1-a’u st —a’
s 1 )
32 coshat 2 _ 2’ l—a? gt
3 . s—bu 1—bu s—b
1 e" coshat (s—buf —a'u (1—buf —ah’ (s-bY -
4 e” sinhat i o
o (s—bu) —a’u (1-bu) - a’? (s—b) —a?
15 tsinatr su’ u’ s :
2a (s* + 2% (1+ a%?) (s*+a'f
2 22 g 1 2
- Ccosar u(s au ) u(l au ) (s a 2
(52 +a’u )2 (1 +a2u2)2 (.92 +a’
- sin at + at cos at su % ¥
2a (s +c:2uz)Z (1+a%?f (s? +a?
1 s* 1 s’
sat——at s -
18 cosa 2(1 sin at (sl+alu2]2 (1+a ) )z (52+a2
19 sin at —at cos al u’ u’ 1
2a° (s +a%u )2 (1+a%2f (s? +Gz)2_J
20 atcosat —sinht o u 1
24° (s —a’u (1-a%?) (s*-a?f
21 tsinh ar u’ s
2a (5 —a’u )2 (l—a2u2)2 (Sz—az)z
- sinh at + at cosh at su i s’
2a (s —-a'u )z (1_“’“ (sl*aw
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Sl F® N0 0] fw)
1. 5 1 5
23 coshat+§arsmh at m (l_azuz)z (Sz—ﬂz)z
u(sz+azuz) (l+a2u2) (sz+az)
F24 tcoshat ———(sz—azu")l (l—azul)z (sl~a2)z
25 (3—a2£2)sinar—3atcosar : u’ u’ ! :
8a’ (sz+a u ) (l+a2u ) (s +a )
; 4 i 'h
2% (3 - a’*)sinar + Sat cosat ol :
8a (s +a’u ) (1+a’u J (s +a )3
(8 —a*?)cosar —Tatsin at s’ 1 s°
Y 8 (sz +a‘u ) (l+a2u ) (32 +a2)3
28 t*sin at M3(3Sl—az) u](3—a2) (3sl—a1)
2a (s2+alu2)) (1+a%u?) (s* +a2)
29 lzzcosat u2( *=3d’ ) (l 3a’u ) (33“3‘725)
2 (sl-l-c;!zurz)3 (l+a u )J (_vlﬂi-a?)J
30 Lfsinar u“(s —a’u s) (1 a’u ) (53—1125)
24a (S +a’u )‘1 (1+au )4 (sz+az)4




