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The Riemann hypothesis (RH) is well known. In the RH, the Robin criterion
is one of the most famous theorems. In this paper we first obtain a new
condition equivalent to the RH on the sum of divisors function. This
condition is a generalization of the Robin criterion. Next, we prove that the
new condition holds unconditionally.
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1. Introduction

The function £ (s) defined by an absolute convergent Dirichlet’s series

(=Y L (1)

in complex half-plane Res>1 is called the Riemann’s zeta function ([3]).

The Riemann’s zeta function has a simple pole with the residue 1 at s=1

and except the point S=1 the function ¢ (S) is analytically continued to

whole complex plane. And ¢ (S) is expressed for Res>1 as

c(s)=T1(1-p*)". )

p

where infinite product runs over all the prime numbers. Also forRes >1 the

function £ (S) satisfies the functional equation
((S)z2-(27[)s_1-F(l—s)-sin(%sj-g”(l—s), (3)
where I'(S) is the gamma function ([3])
r(s)= [ex~"dx. o)
0

From the infinite product of & (S) the Riemann’s zeta function has no zeros
in Res>1 and from the functional equation of ¢ (S) it has trivial zeros
-2,—4,—-6,--- inRes < 0. The zeros of é’(s) in 0<Res<1 are called the
nontrivial zeros of ¢ (S) ([3]). In 1859 G. Riemann conjectured that all the

nontrivial zeros of & (S) would lie on the line Res=1/2. This is just the

Riemenn’s hypothesis. There have been published many research results on

the RH. But the RH is unsolved until now ([1~8]).



To study the RH we will here consider the sum of divisors function. The
sum of divisors function is one of the important arithmetical functions, but
its properties are not well known in the RH. In the past, the study of the sum
of divisors function had been mostly limited to the relation with the Euler’s
function and to the relation with the perfect numbers, but for the RH it has
been studied after Robin criterion in 1984 ([6]). The Robin criterion is one
of the most famous theorems for the RH. Recently, The Robin criterion has
been studied in many papers, but it is not still unsolved completely ([1,2]).

In this paper we first obtain a new condition equivalent to the RH, which
would be called an equivalence condition (EC). The EC is closely related
with the RC and it is a generalization of the Robin criterion. And it is easy
to consider rather than Robin criterion. We have also a new idea to prove
that the EC holds unconditionally. The idea is to introduce a notion, which
would be called a sigma-index of the natural number (see [15]). Next, in this
paper we show that the new condition holds unconditionally. To do this, we
work with a new standpoint that any natural number has the three
dimensional structure. On the basis of the standpoint, we pass three steps for
the completion of the proof. The every step is accompanied with the process
reducing the dimension of the natural number or of the sigma-index, and it
needs a new method corresponding with that. The first step is the relation
of the sum of divisors function and the Hardy-Ramanujan number. This
relation is also one of some important properties of the sigma-index. The
second step is an optimization problem of a certain exponential function
with the sun of divisors function. This problem is related with the existence
of the optimum points of the given exponential function under the constraint
of the inequalities. From the result of the second step, we get an estimate on
the difference between consecutive primes. The third step is related with an
inequality on the sum of divisors function. This inequality is also
generalized than the Robin criterion, and it is a new one equivalent to the

RH. Consequently, we would prove that the EC holds unconditionally. Our



proof has the three steps and our result consists of five papers. This result
would give us a firm possibility that the RH is true. We are sure that our
result would be right. But we need an objective verification on the result.
Our result is of all of our. So we would like to contribute our result to the
INTERNET. We hope that our result would give the valuable help whom
would like to prove the RH.

Let N be the set of the natural numbers. The function o(n) = z d is called
d|n

the sum of divisors function of n ([3,5]). Then the function o (n) is

multiplicative on the coprime numbers.
It is well known that the RH is true if and only if it holds that, for any
n>5041,

a(n)éey-n-loglogn, (5)
where y =0.577--- is Euler’s constant. This (5) is called the Robin criterion
or the Robin inequality. In the paper [2], they showed that the Robin
inequality holds for any odd n>5041. But the Robin inequality is
determinately related with the even numbers. In particular, it is essentially
related with the Hardy-Ramanujan number ([2]). In deed, the Robin

inequality in the case of all odd numbers is only a corollary of the result on

the case of all Hardy-Ramanujan numbers.



2. Main results of the paper

In this section we show the main results of the paper without the proofs.
We have

Theorem 1. The RH is true if and only if there exist constants ¢, >1, ¢, >0

and ¢, >0 such that, for any n> 2, it holds that

a(n) <e’ -n-loglog(co . n~exp(cl ~\/@'e)<p<c2 -wlloglog(n+l)))). (6)

Theorem 2. There exists constant C, >1 such that, for any n>2, it holds

unconditionally that

o(n)<e’ -n-loglog(co : n-exp(\/@-exp(,lloglog(n+1)))). (7



3. The proof of the theorem 1

In this section we will prove the theorem 1. The main idea of the proof is the
Robin theorems in the papers [5,6].

We could

Proof of the theorem 1. Suppose that the RH is true. Then, by the Robin’s
theorem ([5,6]), for any n>5041, it holds that

O'(n)Sey'n'loglogn. (8)
Hence there exists a constant ¢, >1 such that, for any n>2, we have
a(n) <e’ -n-loglog(co . n) .

On the other hand, for any constants ¢, >0 and ¢, >0, it is clear that

exp(cl ‘\/@-exp(czw/loglog(n+1)))21. 9

Therefore we have (6). Suppose that inequality (6) holds, but the RH is not
true. Then also by the Robin’s theorem ([5,6]) there exist a constant ¢ >0

and a constant 0 < # <1/2 such that, for infinitely many number n, it holds
that

Méa(n). (10)

e’ -n-loglogn+c-
508 (logn)ﬁ

On the other hand, it is clear that
loglog(c0 -n-exp(c1 -\/@-exp(c2 \/loglogm») =
:log(logc0 +logn+c -\/@-exp(c2 -\/m»:
log¢, +cl. logn-exp(cz.\/M)

0
=log| logn| 1+
logn logn

(11)




logC, N C, -exp(c2 -4/loglog(n+ 1))

=loglogn+log| 1+

logn \/logn -
C, -exp(cC, -4/loglog(n+1)
Sloglogn+logco 4 ( ’ ) :
logn \/logn

Hence, from (6) and (10), for infinitely many numbers n, we have

E'—1%—19%930-n)s
(logn)

12
log C, . C, -exp(c2 -1/10glog(n+1)) (12)
logn Jlogn

e”-n-loglogn+c-

<e”-n-| loglogn+

and

Joglogn _ logc, , ¢, -exp(cz -\/loglog(nﬂ)).

(log n)ﬂ ~ logn Jlogn

e’

(13)

If ¢, =1 or ¢, =0, then (13) is impossible. So suppose that ¢, >1 and ¢, >0.

Then since(1/2— 3) >0 we have

logc, . C, -exp(c2 -«/loglog(n+1))

(log n)l_ﬁ -loglogn (log n)m_ﬂ -loglogn

0<c-e” < —0 (n—>w®)
(14)

This is also a contradiction. []

By using the method of the proof of the theorem 1, we have more.
Proposition 3.1. The below statements are equivalent to each other.
a) The RH is true.
b) There exists a constant ¢, >1 such that, for any n> 2, it holds that
a(n)Sey-n-loglog(Co-n). (15)

c¢) There exist constants ¢, >1, ¢, >0 and ¢, >0 such that, forany n>2,



it holds that
o(n)<e’ -n-loglog(co . n-eXP(Cl -y/logn 'eXP(Cz -(loglog(n+1))* ))) ’
(16)

where O<a <1.

d) It holds that

limsup[ﬂ—ey -loglognj- ylogn <+, (17)
n exp(wlloglog(njtl))

It is not difficult to check the proof of the proposition 3.1. Here the impotant

nN—oo

is the meaning of every expression. We note that (15) is one showing the
most simple and clear relation with the Robin inequality. We could prove

that the (15) holds unconditionally under ¢, =6. In fact, by the concrete
calculation, we are able to get C, = exp(exp(e_V -3/2))/2 =5.0951---. And
(16) is the most generalized type of the Robin ineqyality. We note that
\/@ in (16) is unable to change into (logn)” with £ >1/2. In his paper

(see [4]), Ramanujan showed under the RH it holds that

limsup(@—ey -loglog n]w/log n<

n—o

(18)
<e’-(4-22+y-logdr)=-139---.

It is easy to see that (18) is more weak that (17). Therefore the proposition

3.1 shows that the Ramanujan’s formula (18) is a condition equivalent to the
RH. Of course, we are able to change ./loglog(n+1) in (17) into
(log log(n +1))a with 0<a<l.

Note. See more the paper [13,14] for the proof of the theorem 1.



4. The proof of the theorem 2

To prove the theorem 2 we need to take three steps. That reason is explained
as follows. As noted in the introduction, we are able to say that any natural

number has three-dimentional structure. In fact, suppose that

n=q®-qy---q/ is a prime factorization of ne N, where q,, q,, -, are
distinct primes and 4,, 4,,---,4,, are non-negative integers. We assume that
A=A 222,21, And we put o(n)=m, A(n)=(4, 4, ,4,) and
a(n)=(a,.q,, ---,0y,) . which would be called an exponent length, an

exponent pattern and a prime factor pattern, respectively. Here a)( n) = 21
pin

([4]) is the number of the prime factors of a given n. Then we could write

any natural number n and the set N as
n=n(g(n), Z(n), o(n)) (19)
and

N n(q(n), Z(n), o(n)) (20)

o(n) A(n)d(n)
respectively. Hence we can say that any natural number n has the three-

parameters. Of course, both 1 (n) and q(n) are dependent on w(n)=m.

But, if we take such the standpoint at the consideration of the theorem 2,

then we would be able to prove it more easily.

Let p,=2, p, =3, p;=5,---, p,, - be the first primes ([4]). Here then p, is
n-th prime number. If A(n) and w(n) are fixed in a given number
A

n=gq/"-q; ---q,", then we put r,(n)=p-p--p; to n. If n=r,(n)

then the number n is called a Hardy-Ramanujan number (HRN) ([2]). In

10



other words, the HRN is just a natural number of such forms as
plt-pf .- p/ with 4, >4, >---> A >1. The HRN has special properties.

In particular, the HRN has the close relations with the sum of divisors

function. We put
S(Z,m)={neN| 2=2(n)=(A.4.4,), @(n)=mj, 1)
and
HR(m)={neN| n=r,(n),o(n)=m|. (22)
Then S(/T, m) consists of the natural numbers with A (n)=(4,4,-,4,)
and @(n)=m. And the set HR(m) consists of the HRN with @(n)=m.
And for n=q/ -qf---q/" it holds that

o(n) _fyl-g*"

23
n i-1 I_Qi_l 23)

4.1. The sum of divisors function and

the Hardy-Ramanujan Number

In this section we will show a relation with the sum of divisors function and
the Hardy-Ramanujan number. This relation says that one can reduce the

dimension of the natural number at the proof of (7) or the Robin inequality.

4.1.1 The Hardy-Ramanujan number

In this section we will show a property of the HRN. The HRN is a unique

minimum element in the set S (Z , m) . We have

11



Theorem 4.1.1. Forany ne S (/T, m) we have I, (n) <n, that is,

r,(n)=_min S(Z,m). (24)

(OG> G0

The proof of this theorem 4.1.1 is in the paper [9].

4.1.2. The sum of divisors function

In this section we will show a relation between the sun of divisors function
and the HRN. This relation is one of many interesting properties of the sum

of divisors function. We have

Theorem 4.1.2. For any ne S (i m) we have <

o) o {i”)} (25)

L(n)  (@&-w)| n

The proof of this theorem 4.1.2 is also in the paper [9].

4.1.3. Some note
We put

exp(exp(e’y-a(n)/n)).

H(n)= -

(26)

This H (n) we would like to call a sigma-index of the natural number. Our

aim in the proof of the theorem 2 is to obtain upper estimate of the sigma-

index H (n) By above the theorem 4.1.1 and the theorem 4.1.2, for any
ne S(/T, m) we have H(n)<H (r0 (n)) . Here H (ro(n)) is related only

with the exponent pattern 4(n)and the exponent length @(n). Thus

12



H (ro (n)) has two-parameters. Hence the consideration of the sigma-index

H (n) on any N> 2 is reduced to one on the set U HR(m) of the HRN.

4.2. The sum of divisors function and

a certain optimization problem

In this section we will consider the sum of divisors function and the
opimization problem of a certain exponential function. By this consideration,
we have obtained an estimate for the difference between the consecutive
primes. This is a new result at the distribution of the prime numbers. This

section is the second step for the proof of the theorem 2. We here assume

that A2 =(4,4,,-,4,) are real numbers and 4 >4, =24 >1. Of
course, let p, =2, p,=3,---, p,,, --be consecutive primes. We will choose

n =5 arbitrarily and fix it. We define functions F(Z ) and H (/T )

respectively by
— m _ _—li—l
F(ﬂ):F(ﬂ’l’j’Za"'aﬂm)ZH%a (27)
_ explexp(e”-F (A4
H(Z)=H (&, Auoidy) = ( ( ( ))) 28)

Py Py Py

where y =0.577--- is Euler’s constant ([3,4]). The aim of this section is to

show an existence of the optimum points of the function H (/T ) in the m-

dimensional real space R™and to estimate the optimum points.

13



4.2.1. An existence of the optimum points of the function H (Z)

Here we will show that the function H (Z ) has an optimum point in the

space R™. The maximum value theorem of the continuous function is used

here. We get
Theorem 4.2.1 There exist 4, =(4’, 4,4y )€ R" such that for any

(4, A,-++, A, ) € R™ we have H (/T)S H (/TO),that is,

( { -7 . l_pi_ji_l]J
EXp| exXp e Hl_i—l
H (A, A, A0) = max 2 TP ) ()

(s Aa>e e JER™ pl/ll . pja plm

m

There is the proof of this theorem 4.2.1 in the paper [10].

4.2.2. The estimate of the optimum points of the function H (1)

Here we will estimate the optimum points A, = (ﬂlo, A ,'--,/lr‘;) of the
function H (/T ) obtained from the theorem 4.2.1. The optimization problem

of the function H (/T ) with the constraints of the certain inequalities is

discussed here. We obtain

Theorem 4.2.2 Assume that p,>5 . Then for the optimum points
Ay = (/110, /120,---,&2)6 R™ of the function H (/T) in the space R™ we have;
( There exist some 4’ in {/110, A ,-~-/1n‘§} such that 4° =1. In particular,

we have 1) =1.

@ There exist some A in {/110, A ,-~-/1n‘§} such that 4° >1. In particular,

we have 1) >1.

14



(3 There exists a number k such that

210>ﬂ-20>"'>2~1?>ﬂ1?+1="'=ir?1=1' (30)
In particular, for any i(l <i< k) we have
ﬂioz log pm +10g10g pm _1 +O ; . (31)
logp;  logp log p; -log p,,

There is also the proof of this theorem 4.2.2 in the paper [10].

The last bigger number k than 1 in the optimum points {/110, A ,~--,1n‘;} of

the function H (/T ) 1s especially important. We will here discuss A,, p, and
k in detail. In the furture, we assume that p, >5. We have

Theorem 4.2.3. For the number Kk such that 4’ > A’ > A’ =1 we have;

@zf:no[ ! J (32)
log p,,

@ p =P, logp, '(Ho(loglp Da (33)

® k:zm.(uo[%]} (34)

log p,

There is also the proof of this theorem 4.2.3 in the paper [10].

Note. In the proof of the theorem 4.2.3, we have taken a certain suitable

constant a>1 determining the region H c R such that there exist the
optimum points 1, = (/110, 120,---/7,[?1)6 R" of the function H (7).

Let’s estimate the size of the constant a > 1.

In general, since 4’ >4 >---> A% >1, it is sufficient to take a constant

a > 1such that 1< 4’ <a. On the other hand, since

15



e (A (e (7)1

(35)
=p, -logp, ~(l+g(pm)),
we get
o log(Pn-log P, -£(P))
log p,
Hence we can take the constant a >1 as
a:log P, +loglog Pn 1 (36)

log p,

4.2.3. The estimate of F(1,)

By the theorem 4.2.1 and the theorem 4.2.2, for the optimum points
A, = (/LO, A2 ) € R™ in m -dimensional real space R"of the function
H (/T ), the function value H (/110, A ,---,ﬂnﬂ) is dependent only on p, . So
we can put

exp(exp(e‘7 -F (/TO))) |

T ; 37)
P py e pa

C, = H(ﬂf, ,13,...,,1[2):

In this connection, we will put

A A PN 1 1 r_ -1
Mo =P P P Puyr = Pms Mg =Ny Py »

A= (A0 2 ) e R™, (38)
Cr=H(&)=H(A, 4.4 ,)
and

Cor= M0 M dorndn) 09

Then it is clear that C/ , <C_ .

m-1 —

16



Let A'= (/11' , A ,-~-,/1,;_1) be the optimum points of the function
H (A . A ,---,ﬂmfl) with (m—1)-variable in the space R™™'. In general, then

we have

A >4 >>h >A ==4 =1. (40)
Rarely, the last bigger number than 1 in {A{ A, -~,/1r;_1} could be k. But it
is not essential. It is important that for any i (1<i<k-1)
= i == gyt = (e F (7)) -exp(e - F(X))+1 4D
holds. We note that it doesn’t exceed one in{ﬂf, Ay ,/Lﬂ} :

We also put
n'=pf Py B P P
N = PPt P P Py P =N Py (42)
Z =(ﬂ1' > ﬁ'z’ 9""/%—19 1)’ Cr’n =H (Z)

The aim of this section is to estimate the size of (logC,,_, —logC,_,).

On the other hand, it is well known that

> l:loglogpm+bo+Eo(pm), (43)

P<Pn
where

1

bO:y+2(log(l—lJ+—]:0.24l--- (44)
P p, P
([4,7,8]). And there exists a constant a >0 such that

E,(py)= O(exp(—aW [log p., )) 45)

In this section we will estimate the value F (/TO) for the optimum points

2, :(/110, /120,-~-/1r2)e R" of the function H (4, 4,,---, 4, ).

17



We have
Theorem 4.2.4 For the optimum points A, :(/LO, ﬂé),---/lr?])e R™ of the

function H (4, 4,,---,4, ) we have

F(Zo)zef-logpm.(1+E0(pm)—\/pfmd:gy2 pm+g(pm)J, (46)
where g(pm)=O(E02(pm)).Hence we also have
(e’y-F(ZO))-exp(e’7~F(ﬂ_,0)):
4-(10g pm+1) . m)], (47)

=p, 1 | 14(1 +1)-E - +
pm Og pm L (Og pm ) O(pm) \/p—m.logyz pm g(p

where £(p, )= O(log2 P - Eo (Pn ))) :

Proof. This could be found in the paper [11].

4.2.4. The estimate of (logC,_, —logC;, )

In this section we will estimate (logC,,_, —logC/, ). This consideration is

for next section. We get

Theorem 4.2.5 There exists a number m; such that for any m>m, we have

' p B p -1 pm B pm—l
logC, , —logC/  =——0_2m ( j l+a(p,)), (498
1 " JPaalogpy U Pas (e lp)

1
where a( P, ) = O[log o J . (49)

Proof. This could be also found in the paper [11].

18



4.2.5. The estimate of (p, - p,_,)
In this section we will estimate the size of (p,,,, — P, ). Here obtained result

on (P, — P ) is a new result for the distribution of the prime number.

We have

Theorem 4.2.6. There exist a number m, such that for any m>m, we have

(P = Put) = O (/P log™? py. ). (50)

Proof. This could be also found in the paper [11].

4.2.6. The estimate of E,(p,,)

In this section we will estimate the size of the error iterm E,(p,,) given in
the formular (101).
We get

Theorem 4.2.7 There exists a number m, such that for any m>m, we have

Eo(pm)=0(l°jp—pm} (51)

Proof. This could be also found in the paper [11].

4.3. The sum of divisors function and
a related inequality
(The proof of the theorem 2)

In this section we will consider one inequality on the sum of divisors
function. This inequality, in deed, is the proof of the theorem 2.
We put

19



(exp(exp(e‘”a(n)/n)))/n
exp(\/@-exp(wllog log(n +1))) .

Proof of the theorem 2. There are two steps for the proof of the theorem 2.

(52)

G(n)=

@ The function G(n) has the following properties.
First, For any ne (4, m) it holds that G(n) <G (r,(n)).

In fact, it is clear by the theorem 4.1.1 and the theorem 4.1.2.
Second, for n=p/ - py - p; we put G(n)=G(2)=G(4, 4, 4,) -

Then there exist @, :(alo, ag,---ag)e R™ such that for any
(A,ﬂz,---,/lm)eRm we have G(Z)SG(&O). This is also clear by the
theorem 4.2.1. And, for the optimum points &, = (alo , 0,y ) e R" of the

function G(Z ), such the results as in the theorem 4.2.2 and the theorem

4.2.3 are valid. Also for any n>2 we have
G(n)<H (n)=(exp(exp(e7 - (n)/n)))/n. (53)
Finally, The every member ¢ (i=1,m) of the optimum points
{a, &),--ap} of the function G(Z) is not larger than 4 (i =1,m)of one

of the function H (/T ), namely, for any i (1<i<m) it holds that o’ <A’.

In fact, by the theorem 4.2.2, for the function H (/T ) it holds that

pl,11°+1 _ pjg‘m . pkzkm _
=(e7F (%)) exp(e7F(%))+1 (1<i<k). ey
Similarly, for the function G (/T ) it holds that
pif = pgtt == P =
1 (55)

(e R (@) (e F@ ) gy |1 (121250

20



where

exp(wllog log(n+ 1))
Y= e
: (56)

exp(\/m) logn n
+ . ( )—)O(n—)oo)

2-Jloglog(n+1) log(n+1) \n+1

Hence for any i (1<i<m) we have ¢ <A’ and, in particular, we have

m —al-1 U
F (@)= = plp. <1:[11—p|p. —F(%). (57)
@ We put
D, =G(a, &, .ap) (58)
and

0 1 1 -1
Ny = P P o et phy e Phs M=y Pr

a,=(a, &), an, ) eR™, (59)
D, =G(a,)= G(alo, af,---,a,?,fl).
In this connection, we put
Doy=  max  G(A, 4, Ay). (60)

(A4, 22y )eR™!

Then it is clear that D, , <D, , and

~(ewp(e F (@) -ow(e F (@)

(logn + logn exp( loglog(n, +1) )

)
(logn + logn exp( loglog(n; +1))):

:exp(e”-F ){exp[e r F ao j lj log pm
(«/ ogn, exp(\/loglog(no +1))—\/log ng -exp(,/loglog(n0 +1))).

(61)




By the theorem 4.2.7, we have
exp(e_7 -F (c_x(')))[exp(e"y -F (&6)‘%J—1J <
< exp(eﬂ F (_'))(exp(ey F (Zo)plj—lj = (62)

=log p,, +©,(p,).

4
where O, (p, )= O[log—pm} So there is a constant a a > 0 such that

NES

4

JPn

On the other hand, we have

logn, =log(py" ps’ -+ pi¥ - ply - ply ) = 2t log p, =
m k . (64)
= Zlog p; +Z(ai° —1)-log P = 3( pm)+9( pk)+ Ry
i=1 i=1
where 9(p,, ) = Zm:log p; is the Chebyshev’s function ([4,8]) and R, =0o(p).
i=1

Hence by the prime number theorem ([3,4,8]), we have

logn, _ 9(Pw) , 9(P) , Re

—1 (pm—>oo). (65)
P P P P

From this we get
lognO:pm'(l—i_el(pm))a (66)

1
log p,,

logng = Py (146, (Pry ) - (67)

where 6,(p, )= O( j . So we also obtain

where 6, ( P ) = O[ J . And it is easy to see that

log pm—l
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(\fiogn, -exp(loglog(n, +1) ) - logn; -exp(loglog(m, +1))) =
= <\/log n, —\/log n, )-exp(‘llog log(n, + 1))+
+4/logn; -(exp(1 /loglog(n, +1) ) - exp(m)) = (68)

:exp(M){;j%]'(H@(pm))’

where 0, (p, )= O(log o

j . Hence we have

4
logD, —logD; , <a- log_ p,

m-1 = \/p—m

(69)
_exp(m).;jz_:(mz(pm)).
On the other hand, it is clear that
%eo(pm—mo) (70)
oloep)
This shows that there exists a number m, such that for any m>m,; we have
D,<D;,<D,,. (71)
From this we get
0<c,=supD, <+o. (72)

This is the proof of the theorem 2. []

See also more in the paper [12].

Note. () We are able to see that
exp(exp(E‘y -3/2))/2

eXP(\/@-GXP(\/@))

c, =D, =

=1.6436--<2  (73)
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@ The process for the proof of the theorem 2 is graphically as follows.

Here = shows the increasing direction of the values for the function H (n)

and G(n).

n=0/ 0?0 -G - Gy

ﬂv «— theorem 4.1.2
()= PPy - Py pr

ﬂv «— theorem 4.2.2
nO = plj'lo . p;qo cee plff . p'i+1... prlTI’

lL «— theorem 2
o =p - pE P& P P

1 %

n=2

As it was indicated in the paper [1], one can say that any natural number has

the  three-dimensional  structure. ~ For  @(n)=(q, d,,Gy)
A()=(4, 4,4,) and @(n)=m of n=gq"-g7--qr" we put
n= n(ﬁ(n), 2(n), a)(n)) Then to prove the theorem we have taken the
process reducing the dimensional numbers of n=n(g(n), Z(n), (n)) in

the function G(n). The dimensional numbers of n in the function G(n)

were reduced by the theorem 4.1.2 and the theorem 4.2.2, respectively. That

is so; n=n(q(n), 2(n), @(n))—>n(2(n),o(n))—>n(4,o(n))—>n(m).
® The below table 1 shows the optimum points A, = (/110,220 ,~--,ﬁn°q) of the

function H (Z) and the values of H (n,) and G(n,) to @(n)=m.
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Table 1

a(n) Z:(A",ﬂf,m,iﬁ) of H(n,),
=M 0 0 0 0
n0=2}“1 312522p£kpi1(+1pr1n G(no)
5.09518716186---,
L A0=1 1.643686767536---
3.58945411446---,
2 | A=165-,4)= 0.8250082x10" ---
1.91192398575---,
3| A=270--,4) =133, 1) =1 0.7148367x107 -
A =336, 4) =175, 1.32309514626---,
-6
4 A1, 20 =1 0.1065950 %107 -
=422, 1)=2.29---, 0.57062058635---,
9
S A0=1240, 20210 =1 0.3761569%x107 -
A'=4.53--+, A)=2.49---, 0.40977025702---,
-10
=502+, 1)=2.80---,
7 0 0 0.22782964552---,
=1.59... =1.14...
230 509 ’0’1“ ’ 0.575576x10™"" ...
A=20=2=1
A=5220, 1)=2.92.--,
8 0 0 0.20507350097 -,
=1.68---.4°=1.21---
’130 608 ’0’1“ ; ’ 0.164730x10™" -
A=x=1 =2 =1
=557, }=3.14---,
9 0 0.16722089980- --
=1.83-++, A)=1.34... ’
’130 o) 0.287587x10™ .-
A== =2 =4 =1

® The below table 2 shows the Hardy-Ramanujan’s numbers, which give

maximum value of the function G(n,) to @(n)=m.
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Table 2

w(n)
M A = (R)=p e p o pL Pl G(f,)

1 2 1.643686767536---

2 ] 23 0.82500822x10™ ---

3 2%.3-5 0.71483676x107 ---
4 2°.3%.5.7 0.10659507x10° -
5 24.3%.5.7-11 0.37615690x107 -
6 2*.32.5.7-11-13 0.76776726x10™° ...
7 2°.3°.5.7-11-13-17 0.575576185x10™" .-
8 2°.3%.57.7-11-13-17-19 0.164730227 107 --.
9 2°.3°.5%.7.11-13-17-19-23 0.287587585x10™ -

—&&&——
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