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ba ab a ba a b a ab ba

Fig. 1. A Sturmian word defined as a cutting sequence by intersection or by adjacent
squares, and the upper and the lower mechanical word

for n ≥ 0. The word sα,ρ (s′α,ρ) is called the lower (upper) mechanical word with
slope α and intercept ρ.

b a a b a b a a b a a b a

Fig. 2. “Shear” of the cutting sequence

There is an equivalent definition by rotation. Consider indeed the torus T =
R/Z of reals modulo 1, and partition T

Ia = [0, 1 − α), Ib = [1 − α, 1), I ′a = (0, 1 − α], I ′b = (1 − α, 1] ,

and let Rα : T → T be the rotation of angle α. Then

sα,ρ(n) =

{
a if Rn

α(ρ) ∈ Ia,
b otherwise.

, s′α,ρ(n) =

{
a if Rn

α(ρ) ∈ I ′a,
b otherwise.

This is why mechanical words are also called rotation words. They are rational
words when α is rational, and irrational words when α is irrational. It is known
[2] that irrational mechanical words are exactly Sturmian words. It is also known
that two Sturmian words with the same slope have the same set of factors. When
ρ = α, one has sα,ρ = s′α,ρ. This word is called the characteristic word of slope
α, and is denoted by cα. For a systematic exposition, see [32] and [33].

4 Finite Sturmian Words

In this section, all words are binary over the alphabet A = {a, b}.
A finite word is Sturmian if it is a factor of some infinite Sturmian word.

Among finite Sturmian words, particular classes are the standard words, the
central words, and the Christoffel words.


