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Surface Area In the Space

z = f(x,y)

Area of the surface over R
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Differential of surface area

ds = \1+[f. 0y +[f,(x.y) da
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Differential of Surface Area (1)

Differential of surface area Slope along Slope along
x direction y direction
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Differential of Surface Area (2)
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Line Integral with an Explicit Curve Function

y=fx) m Y=rrx m dy=Fdx
a<x=<5»5
Curve C ds = J[dx]2+[dy]2
ds = V1 +[f'(x)] dx
ds
S dy
d x
[ Glx.y)dx = [ G(x, f(x)dx
[cG6x,vdy = [ Gix, f(x)f(x)dx
[oGx,y)ds = [ G(x, F(x)V1+[F ()] dx
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Surface Integral with an Explicit Surface Function

z = f(x,y) ‘ % = f.x,y)

a<x=<»>
c<y=<d %:fy<XIY>
Region R
B ds = L+ [f 00y [y dA
[l 6x.y.2ds = [[ Gix, y. fx.9) 1+ [F .00y +[f, 0y dA
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Surface Integral with an Explicit Surface Function

= fxy] w0
d

vl
Region R —§ = f,(x,y)
[l 6.y, 2)d8 = [| Gix, v [fawl) V1 + .00 +[f, 00 v da
y = g(x, z) - g—i = g,(x, 2) ‘ dsS = \/1+[g (x,2)] +|g,(x,2)] dA
Region R d—g = g,(x, 2)
[ Gx.y,2)ds = [[ Gix)glx,2), 2) {1 +[g.(x,2)] *[g.(x.2)] dA
S R
x = h(y, 2) - % = f,y, 2) ‘ ds = \/1+[hy(y,z)}2+[hz(y,z)]2dA
Region R % = [y, 2)
Il G(x,y,2)dS = [[ G(n(y,2), y, 2) \/1 +[hy(y,z)]2 +[hz(y,z)}2 dA
S R
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Line Integral in the Space

domain R3
A Z

z = f(x,y)

Parameterized
Curve C

a<t<»>b
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Mass of a Surface

density p(x,y,2z)

mass  m = [[ p(x,y,2)dS
S
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Functions of Three Variables

Functions of three variables

Level Surface

dCo_dF<X 2)

at ~ dt Y’

o= oFdx  oFdy  odFdz
- ox dt oy dt oz dt
_ [6F, , OF . dx;
0= axl+8y] k dat’

0 = VF(x,y,z)r'(t)

V F normal to the level surface at

x = f(t)

y = gl(t)

z = h(t)

dy dz
toged gk
P(x,,¥,,2,)
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Level Surface

Functions of three variables w = G(x,y,2) R*
~¥ Level Surface c, = G(x,y,z) R 0 = G(x,y,z)

0 = VG(x,y,z)r'(t)

0 =2z-F(x,y)

“m  Functions of two variables z = F(x,y) R3
0 = F(x,y)—2
Level Surface c, = F(x,y) R?
0 = VF(x,y)r'(t)
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Orientation of a Surface

Surface g(x,y,z) = 0

z = f(x,y) glx,y,z) = z- f(x,y) = 0
g(x,y,z) = fix,y)-z =0
Unit Normal Vector n = LVg
1V gl
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Surface Integral over a 3-D Vector Field (1)

A given point in a 3-d space ) A vector

(Xo, Yo, Zo) <P(X0,y0,20), Q(Xo/yOIZo)z R(X01y0120)>

3 functions

domain B

“‘ (Xo, Yo 2 o)

(Xo, Yo, 20) —— 9 P(xy Yo Z,)

(Xo, Yo, Zo) _— Q(Xo,yO,ZO)

(Xo, Yo, z) ——— R(Xo,yo,zo)

(Xo, Yo, Z,)

only points that are
on the surface F(x, Yo 2o) = Plxqy020)i + Q(Xq Y0 20)J + R(xo Y20k

consider only the component of Falongn — Fn
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Surface Integral over a 3-D Vector Field (2)

F(x,y,z)=P(x,y,2)i +Q(x,y,z)j+ R(x,y,z)k

Line Integral over a 3-d Vector Field

rit) = f(t)i + g(t)j + h(t)k

dr =dxi +dyj+dzk
J[,F-dr = [ _P(x,y,z)dx + Q(x,y,2z)dy + R(x,y,2)dy

Line Integral over a 3-d Vector Field

total volume of a fluid velocity field
flux = [[(F-n)dS passing through S F  of afluid
S per unit time
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Vector Form of Green's Theorem

A force field F(x,y) = P(x,y)i+Q(x,y)j

A smooth curve C:x=f(t), y=g(t), a<t<b

Work done by F along C W = J‘ F.-dr = J‘ F.-Tds
€ = [, Plx,y)dx + Q(x, y)dy
_ oP
@ gﬁde+Qdy ﬂ ax ay)dA
i j Kk
_ _|le o6 o8| _[0Q oP o _ [0Q
curlF = VXF = =+ oy oz = | ox —@)k (VXF)k = -
P Q O

¢ Pdx + Qdy = [[ (VxF)kdA
c R
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Stokes' Theorem (1)

C
A force field F(x,y) = P(x,y)i+Q(x,y)j
Work done by F along C W:IF-dr :fF-Tds
2-space = [[ (VxF)k dA
R
3-space = [[ (VxF)ndA
R
\%
s R 4
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Stokes' Theorem (2)

A force field F(x,y) = P(x,y)i+Q(x,y)j

Work done by F along C W = f F.dr = f F-Tds
3-space = [[ (VxF)ndA
R
i j k
B _|le o o
curl F = VxF = ox By 0z
P Q R
\% — % — & i+ Q — % 1+ @ — Q k
| oy oz 0z  0x ox 0y
- of. of . surface
R —i - —j+Kk
//= / n o 0X afiy o { glx,y,z)
\/1+ 8—X +(@) — Z_f(xl.y)
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Gradient of a 2 Variable Function

Function of two variables  f(x, y)

VFix,y) = g—£i+%j E> vector

Rate of change of f in the x direction
Rate of change of f in the y direction

Slope in the
y direction
Slope in the
x direction of - 4 A
oy
of _
ox 2 A
‘ k
j
| > >y
o = —2i . ~—
ﬂ F 1 0 X 1 0
8y1 = J - y u
X
X
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2-D Divergence

y
// ; / e
X
(x+Ax, y) (x+AXx, y+AYy)
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Chain Rule

Function of two variable y = f(u, v)
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