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2-D Vector Field

a given point in a 2-d space =) A vector

(X0, Vo) (M(xy V), N(xy¥o))

2 functions

(X0, Vo) —» M (X, Y,)

(X0, Yo) —— N (X, Vo)

(Xo, Vo) EE— F(xo, YO) = M(XO,YO)i + N(Xo,yo)j
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2-D Vector Field

A given point in a 3-d space ) A vector
(Xo, yo, Zo) <M(X0,yo)l N(Xo,yo)l P(Xo,y0)>

3 functions
(Xo, Vo, 20) ——» M (x,Y0,Z,)

(X0, Vo, 29) —— N (Xo Yo, 20)

(Xo, Yo, Zo) _— P(xo'yolzo)

(Xo, Yo, Zo) EE— F(Xo, Yo, Zo) = M(xo,yo,zo)i + N(Xo,yo,zo>j + P(Xo,yo,zo)k
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2-D Divergence (1)

Velocity Fields F(x,y) = M(x,y)i+N(x,y)j
of fluid flows

| J
i (x,y)

Top Velocity F(x,y)(—-i) = —M(x,y)

i | ‘A'y‘ i | "‘_nywy)

Left Velocity Right Velocity

F(x,y)(—J) A X Ax F(x,y)(+]j)
= —N(x,y) _ F(x,y) = +N(x,y)

Ay
(X+AX, y) l’ ‘l' l’

Bottom Velocity F(x,y)(+i) = +M(x,y)

(X+AX, y+AY)

Flow rate of outward bound fluid
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2-D Divergence (2)

Velocity Fields F(x,y) = M(x,y)i+N(x,y)j
of fluid flows

Top Velocity F(x,y)(-i) = —-M(x,y)

l,’ ! (x, y) ' " ' (x, y+Ay)

Ay
Left Velocity Right Velocity
F(x,y)(-J) AX F(x,y)(+]J)
= —-N(x,y) F(x,y) = +N(x,y)

Ay
(x+AX, y) 1 1 l' (X+AX, y+Ay)

Bottom Velocity F(x,y)(+i) = +M(x,y)

Flow rate of outward bound fluid

The rate at which fluid leave the rectangle

Across top F(x,y) (-i)Ay = —M(x, y)Ay
Across bottom F(x+Ax, y) - (+i)Ay = M(x+Ax, y)Ay
Across left F(x,y) (—j)Ax = —N(x, y)Ax
Across right F(x, y+Ay)-(+j)Ax = N(x, y+Ay)Ax
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2-D Divergence (3)

Velocity Fields F(x, = M(x,y)i+N(x,vy)j _
of fluid flows x. y) boy)ie Nix.y)J F(x,y) (-i)Ay = —M(x, y)Ay

Top Velocity F(x,y)(-i) = ~M(x,y) F(x+Ax,y) - (+i)Ay = M(x+AX, y)Ay
i F(x,y) (=j)Ax = =N(x, y)Ax
i b y) 11 X, y+ay) F(x, y+Ay)-(+j)Ax = N(x, y+Ay)Ax
Left Velocity Y Right Velocity
F(x,y)(-J) AX F(x,y)(+J)
= _N(x,y) F(x,y) = +N(x,y)
Ay
(X+AX, y) l 1 1 (Xx+AX, y+Ay)
Bottom Velocity F(x,y)(+i) = +M(x,y)
Flow rate of outward bound fluid
The rate at which fluid leave the rectangle
Across top + bottom  [M(x+Ax,y)— M(x, y)|Ay = aa—]::‘rAx Ay
: oN
Across left + right (N(x, y+Ay)-N(x, y)]Ax = WAy A X
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2-D Divergence (4)

Velocity Fields F(x,y) = M(x,y)i+ N(x,y)j
of fluid flows

Top Velocity F(x,y)(—-i) = —M(x,y) (M(x+Ax,y) — M(x, y)|Ay
J
ii (x, y) ‘.‘ "‘ "‘ (x, y+Ay) - %—Ifo)Ay
A
Left Velocity Y Right Velocity {N(x, y+Ay)—N(x, y)}Ax
F(x,y)(-J) AX F(x,y)(+j) N
= —-N(x,y) F(x,y) = +N(x,y) = (%—yAy AX
Ay
(x+AXx, y) l l’ l’ (X+AX, y+AY)
Bottom Velocity F(x,y)(+i) = +M(x,y)
Flow rate of outward bound fluid
Flux across rectangle boundary
oM ON oM ON
~ |——AXI|A + | —AVI|AX = + AXA
O X Y oy 0 X oy Y
Flux densit . .
y _[eM + oN Divergence of F Flux Density
0 X oy
Vector Calculus (2A) 8 Young Won Lim
Derivatives 9/17/12



Vector Calculus (2A)
Derivatives

Young Won Lim
9/17/12



2-D Curl (1)

Velocity Fields F(x,y) = M(x,y)i+N(x,y)j
of fluid flows

Top Velocity F(x,y)(—j) = -N(x,y)
J
L (x, y) (x, y+Ay)

Left Velocity

F(x,y)(+i)
= +M(x,y)

Right Velocity

F(x,y)(-i)
= -M(x,y)

(X+AX, y) (X+AXx, y+Ay)

Bottom Velocity F(x,y)(+j) = +N(x,y)

Flow rate of counter clock wise circulating fluid
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2-D Curl (2)

Velocity Fields F(x,y) = M(x,y)i+N(x,y)j
of fluid flows

Top Velocity F(x,y)(—j) = -N(x,y)

J
ii (x, y) (x, y+Ay)

Left Velocity

F(x,y)(+i)
= +M(x,y)

Right Velocity

F(x,y)(-i)
= —M(x,y)

(x+AX, y) (X+AX, y+Ay)

Bottom Velocity F(x,y)(+j) = +N(x,y)

Flow rate of counter clock wise circulating fluid

The flow rate of counter clock wise circulation

Across top F(x,y) (-j)Ay = =N(x, y)Ay
Across bottom F(x+Ax,y) - (+j)Ay =N(x+Ax, y)Ay
Across left F(x,y) (+i)Ax = M(x, y)Ax
Across right F(x, y+Ay)-(—i)Ax = —M(x, y+Ay)AX
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2-D Curl (3)

Velocity Fields  F(x, y) = M(x,y)i+ N(x,y)j F(x,y) - (-j)JAy = =N(x, y)Ay

of fluid flows .
Top Velocity F(x,y)(—j) = -N(x,y) F(x+Ax,y) (+j)Ay =N(x+Ax, y)Ay

J . v) ( ) F(x,y) (+i)Ax = M(x, y)Ax
. X, X, V+A
I vy F(x, y+Ay)-(—i)Ax = —M(x, y+Ay)AXx

Left Velocity

F(x,y)(+i)
= +M(x,y)

Right Velocity

F(x,y)(-i)
= —M(x,y)

(x+AX, y) (X+AX, y+Ay)

Bottom Velocity F(x,y)(+j) = +N(x,y)

Flow rate of counter clock wise circulating fluid

The flow rate of counter clock wise circulation

Across top + bottom [N (x+Ax,y)— N(x, y)jAy = %—]:Ax Ay

: oM
Across left + right —(M(x, y+Ay)-M(x, y)}Ax = —(WAy A X
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2-D Curl (4)

Velocity Fields  F(x, y) = M(x,y)i+N(x,y)j (N(x+Ax,y)- N(x, y)jAy
of fluid flows ON
Top Velocity F(x,y)(—j) = -N(x,y) = 8—XAX)Ay
J
ii b y) b y+ay) ~[M(x, y+Ay)-M(x, y)}Ax
Left Velocity Right Velocity = —(%—MAy AX
F(x,y)(+) F(x,y)(-i) Y
= +M(x,y) = -M(x,y)
(x+AX, y) (X+AX, y+Ay)
Bottom Velocity F(x,y)(+j) = +N(x,y)
Flow rate of counter clock wise circulating fluid
Flux across rectangle boundary
oON oM OoN oM
~ |—AX|Ay — |=—Ay|AX = — AXA
O X Y ( oy ox 0y Y
Circulation density (6N oM k-component Circulation Density
O X oy Curl of F
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2-D Curl (2)

Velocity Fields F(x,y) = M(x,y)i+N(x,y)j
of fluid flows

J Top Flow Rate F(x,vy)(—j) = —N(x,
p (x,y)(=1J) (x,y)

(x,y) (x, y+Ay)

Left Flow Rate

F(x,y)(+i)
= +M(x,y)

Right Flow Rate

F(x,y)(-i)
= -M(x,y)

(X+AX, y) (X+AX, y+AY)

Bottom Flow Rate F(x,y)(+j) = +N(x,y)

CounterClockWise Circulation
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2-D Curl

| —— W —_— ‘
(Xx+AXx, y) ‘l' (X+AX, y+AY)
+1
F(x+Ax, y) - (+i)Ay = M(x+Ax, y)Ay

F(x, y+Ay)-(+j)Ax = N(x, y+Ay)AX
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2-D Divergence

y
) (x, y+Ay)
X // /
x*rax, y) (x+AXx, y+Ay)
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Chain Rule

Function of two variable y = f(u, v)
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