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Gaussian Random Process

Thermal Noise zero-mean white Gaussian random process

n(t) random function m 2(t) = a+n(t)
the value at time t is characterized by
Gaussian probability density function

(n) = 1 o _l(ﬂ)z 1 (z—a)2
P B O—m P 210 ‘ p(Z) - O_mexp Al o
2 .
o variance of n
c =1 normalized (standardized)
Gaussian function
Central Limit Theorem sum of statistically independent random variables

approaches Gaussian distribution
regardless of individual distribution functions
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White Gaussian Noise (1)

Thermal Noise power spectral density is the same for all frequencies

G,(f) = No watts / hertz  €qual amount of noise power
per unit bandwidth

uniform spectral density m White Noise

Ry(t) = 505(1) Gf) = =2

T =

8(t) totally uncorrelated, noise samples are independent

memoryless channel
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White Gaussian Noise (2)

Thermal Noise power spectral density is the same for all frequencies

G,(f) = No watts / hertz  €qual amount of noise power
per unit bandwidth

uniform spectral density m White Noise

= A _ A
average power N
1+T/2 . Pn:J.iZTOdf:OO
P’ = T—Tf/z X*(t)dt = [ G(f)df
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White Gaussian Noise (3) n(

Additive White Gaussian Noise (AWGN)

additive and no multiplicative mechanism

average power RV R.V average power
P = o X(t) wwssd  h(t) ) V() .
Py = [, 50df
R,(t) = =28(t) | Ry(x) memsp h(c)xh(~c) mmmmp R, (<) SEIPY.
S | | o
G,(f) = = Sylw) mmmd H(o)H (o) === S, (o)
—B +B —B +B
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White Gaussian Noise (4)

n(t) Linear | Molt) = n(t)xh(t)
—_ Filter >
h(t)
N S
G.(f) = 5 G,olf) = G, f)HF) = { ST forlfl< S,
0 otherwise

N +00
Average output noise power oo = Ng(t) = 70 foo|1LI(f)|2 df

RMS oy = Vmy(t) = \/!f ny(t) dt
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Gaussian Random Process nt
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Matched Filter (1)

to find a filter h(t) that gives max signal-to-noise ratio

sampled at t=T

Linear V\
—— Filter —

r(t) = s,(t)+n(t) h{t) z(t) = a,(t)+n,(t)

variance of ny(t) = &2 ayvg noise power

2
a; (T) . :
: instantaneous signal power S a’
n,(t) : = = L
average noise power N|: o,
assume H,(f) a filter transfer function that maximizes ﬁ)
T
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Matched Filter (2)

S(t) Linear a(t) = s(t)*h(t)
—_— Filter p—
h(t)
S(f) A(f) = S(f)H(f) @ alt) = | S(fIH(f)le” " df
n(t) Linear | Mo(t) = n(t)xh(t)
— Filter >
h(t)
N SSH(PP forlfi<f
Gilf) = 3 Goolf) = G,(F)IH(F) = { 2 :
0 otherwise
Average output noise power Gy = 70_[0 H(f)df

Young Won Lim
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Matched Filter (3)

instantaneous signal power a* < a(t) = [ S(fH(fle”* " df
average output noise power ¢, = % +jio|H(f)|2 df
+00 2
+j2nfT
(i _ a;’ _ _LH(f)S(f)e ! df‘ Does not depend on the particular
= T 3 = +00
Nlr o, No/z_f H(f)Pdf shape of the waveform

Cauchy Schwarz's Inequality

+00

f £,00 20 x|

— 00

+00 +

< [If.0P dx [|fo(x)Pdx ‘=" holds when f,(x) = kfi(x)

— 00 — 00

+o00

S H(F)S(Fle” " dx df < [IH(FIF dr [IS(Fle™ T df e = 1

— 00

2

VI af T 18R af

< —00

) - o> [[H(S(Iedr
T’ N2 [H(PdS N2l IH(FIFdf

2 ¢ 2
= & JIstrrdr
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Matched Filter (4)

Two-sided power spectral density of input noise - No
2

Average noise power O, = 70 z|H(f)\2 df

2
i

P E(S (e ay]
r% N2 [H(fPdf

Cauchy Schwarz's Inequality

(% <2 [Istfrdr
T 0 f\input signal energy
max i) - i+fm|5(f)|2df = 28
N T NO —0 NO

power spectral density
of input noise

does not depend on the particular
shape of the waveform
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Matched Filter (5)

JH(P)s(rer axfar < | |H<Q|2 af | |5(j>e+w|2 df S| < ZTIstrrar
max |5 = o [Isiritar = 2

when complex conjugate relationship exists
H(f) = H,(f) = kS"(f)e """

- h(t):ho(t):{ks(T—t)OstsT

0 elsewhere
Hy(f) afilter transfer function that maximizes W)
T
impulse response : delayed version of
the mirror image of the signal waveform
Matched Filter (3B) 13 Young e



Correlation Realization

r(t) Linear z(t) = r(t)xh(t) ,
— Filter z(t) = [r(v)h(t-v)d=
h(t) 0
= {F(I)S(T—(t—r))dr
= jr(r)s(T—tn)dr
z(T) = fr‘(r)s(‘c)dr
shift position ’
t S T
convolution z(t) = fr(t)S(T—t+17)d17 zZ(T) = fr(r)s(r)d‘c
a sine-wave amplitud(t)e modulated ’
by a linear ramp I

correlation ;) - j"r(r)s(r)dr z(T) = }r‘(r s(t)dt

a linear ramp output fixed position
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Correlation and Convolution

correlation correlation
convolution convolution
. . . 50 . . __ .
13 (SN2 )+ 2+ /4 20 | (sin(2*)+2%)/4
i (sin(t)+ 2*t*cos(t))/4+sin(t)/ 4 <1 30 | (sin(t)+2*t*cos(t))/4+si
20 |
10 |
O %W YO U YT U O A T A O A O S O I
10 b
20
30 0t
A0
50 .
0 20 40 60 80 100
t t
Z : integrate(cos(x)*cos(2*%pi - t +x), X, 0, t); convolution
(sin(t)+2*t*cos(t))/4+sin(t)/4
correlation
z : integrate(cos(x)*cos(x), x, 0O, t);
(sin(2*t)+2*t)/4
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Time Averaging and Ergodicity
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