
Young Won Lim
11/5/12

Surface Integrals (6A)

● Surface Integral
● Stokes' Theorem



Young Won Lim
11/5/12

 Copyright (c)  2012  Young W. Lim.

  Permission is granted to copy, distribute and/or modify this document  under the terms of the GNU Free Documentation License, 
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no 
Back-Cover Texts.  A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

mailto:youngwlim@hotmail.com


Vector Calculus (6A)
Surface Integral 3 Young Won Lim

11/5/12

Arc Length In the Plane

s = ∫
a

b

√1 + ( d yd x )
2

dx
dx

d y
ds

y = f (x )
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Surface Area In the Space

= ∬
R √1 + (∂ f∂ x )

2

+ (∂ f∂ y )
2

d A

z = f (x , y )

A(S) = ∬
R

√1 + [ f x(x , y) ]
2
+ [ f y (x , y)]

2
d A

dS = √1 + [ f x (x , y )]
2
+ [ f y(x , y) ]

2
d A

Area of the surface over R

Differential of surface area

u

v

Δ x
Δ y

Δ R

ΔT

ΔT
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Differential of Surface Area (1)

dS = √1 + [ f x (x , y )]
2
+ [ f y(x , y) ]

2
d A

Differential of surface area

∂ f
∂x

= −0.4
∂ f
∂ y

= −0.2

Slope along 
x direction

Slope along 
y direction

x

y

Δ x

Δ y

∂ f
∂x

Δ x

∂ f
∂ y

Δ y

u

v

Δ x
Δ y

Δ R

ΔT

i
j

k

u = Δ x i +
∂ f
∂x

Δx k

v = Δ y j +
∂ f
∂ y

Δ y k

u

v
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Differential of Surface Area (2)

∂ f
∂x

= −0.4
∂ f
∂ y

= −0.2

Slope along 
x direction

Slope along 
y direction

x

y

Δ x

Δ y

∂ f
∂x

Δ x

∂ f
∂ y

Δ y

i
j

k

u = Δ x i +
∂ f
∂x

Δx k

v = Δ y j +
∂ f
∂ y

Δ y k

u

v

Δ x

∂ f
∂x

Δ xu

Δ y
∂ f
∂ y

Δ y

dS = √1 + [ f x (x , y )]
2
+ [ f y(x , y) ]

2
d A

Differential of surface area
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Differential of Surface Area (3)

x

y

Δ x

Δ y

∂ f
∂x

Δ x

∂ f
∂ y

Δ y

i
j

k

u = Δ x i +
∂ f
∂x

Δx k

v = Δ y j +
∂ f
∂ y

Δ y k

u

v

u×v

u×v = ∣
i j k

Δ x 0
∂ f
∂x

Δ x

0 Δ y
∂ f
∂ y

Δ y∣
= [ − ∂ f

∂x
i −

∂ f
∂ y

j + k]Δ xΔ y

∥u×v∥ = √(
∂ f
∂x

)
2

+ (
∂ f
∂y

)
2

+ 1 Δ xΔ y

ΔT

dS = √1 + [ f x (x , y )]
2
+ [ f y(x , y) ]

2
d A

Differential of surface area

u×v

ΔT

∥u×v∥
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Differential of Surface Area (4)

x

y

Δ x

Δ y

∂ f
∂x

Δ x

∂ f
∂ y

Δ y

i
j

k

u = Δ x i +
∂ f
∂x

Δx k

v = Δ y j +
∂ f
∂ y

Δ y k

u

v

u×v
u×v = [ − ∂ f

∂x
i −

∂ f
∂y

j + k]Δ xΔ y

∥u×v∥ = √(
∂ f
∂x

)
2

+ (
∂ f
∂y

)
2

+ 1 Δ xΔ y
ΔT

ΔT = √[ f x(x , y )]
2

+ [ f y (x , y )]
2

+ 1 Δx Δ y

ΔS = √[ f x(x , y)]
2

+ [ f y(x , y)]
2

+ 1 Δ A

dS = √1 + [ f x (x , y )]
2
+ [ f y(x , y) ]

2
d A

Differential of surface area

Δ x
Δ y

Δ R

RS
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Line Integral with an Explicit Curve Function

y = f (x)
d y
dx

= f ' (x)

Curve C

a ≤ x ≤ b

∫C
G(x , y ) dx = ∫a

b
G(x , f (x)) d x

∫C
G(x , y ) d y = ∫a

b
G(x , f (x)) f '(x) d x

∫C
G(x , y ) ds = ∫a

b
G(x , f (x)) √1 + [ f '(x)]2 d x

dx

d y
ds

ds = √1 + [ f ' (x)]
2 dx

d y = f '(x) dx

ds = √[dx ]
2
+ [d y ]

2
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Surface Integral with an Explicit Surface Function

= ∬
R

G(x , y , f (x , y )) √1 + [ f x(x , y )]
2
+ [ f y (x , y )]

2
d A∬

S

G(x , y , z) dS

z = f (x , y)

Region R

a ≤ x ≤ b

c ≤ y ≤ d

d f
d x

= f x(x , y)

d f
d y

= f y (x , y)

dS = √1 + [ f x (x , y )]
2
+ [ f y(x , y) ]

2
d A
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Surface Integral Over XY (1)

domain range

x

y

z

x

y

z

G (x , y , f (x , y ))

R3 R4

z = f (x , y) G (x , y , z) G (x , y , f (x , y))∩
a ≤ x ≤ b

c ≤ y ≤ d

dS
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Surface Integral Over XY (2)

domain range

x

y

z

x

y

z

G (x , y , f (x , y ))

R3 R4

z = f (x , y)

= ∬
R

G(x , y , f (x , y )) √1 + [ f x(x , y )]
2
+ [ f y (x , y )]

2
d A

∬
S

G(x , y , z) dS

dS
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Surface Integral Over XZ (1)

y = g (x , z) G (x , y , z) G (x , g(x , z) , z)∩
a ≤ x ≤ b

c ≤ y ≤ d

domain range

x

y

z

x

y

z

G (x , g(x , z) , z)

R3 R4

dS
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Surface Integral Over XZ (2)

y = g (x , z) ∬
S

G(x , y , z) dS

domain range

x

y

z

x

y

z

G (x , g(x , z) , z)

R3 R4

= ∬
R

G(x , g(x , z), z) √1 + [gx (x ,z)]
2
+ [gz (x ,z) ]

2
d A

dS
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Surface Integral with an Explicit Surface Function

= ∬
R

G(x , y , f (x , y )) √1 + [ f x(x , y )]
2
+ [ f y (x , y )]

2
d A∬

S

G(x , y , z) dS

z = f (x , y)

Region R

d f
dx

= f x(x , y)

d f
d y

= f y (x , y)

dS = √1 + [ f x(x , y) ]
2
+ [ f y(x , y) ]

2
d A

= ∬
R

G(x , g(x , z), z) √1 + [gx (x ,z)]
2
+ [gz (x ,z) ]

2
d A∬

S

G(x , y , z) dS

y = g (x , z)

Region R

dg
dx

= gx (x , z)

dg
dz

= gy (x , z)

dS = √1 + [gx(x , z )]
2
+ [gz (x , z )]

2
d A

= ∬
R

G(h(y ,z) , y , z) √1 + [hy (y , z)]
2
+ [hz (y , z) ]

2
d A∬

S

G(x , y , z) dS

x = h (y , z)

Region R

dh
d y

= f y (y , z )

dh
d z

= f z (y , z)

dS = √1 + [hy( y , z) ]
2
+ [hz( y , z )]

2
d A
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Mass of a Surface

ρ(x , y , z)density

m = ∬
S

ρ(x , y , z) dSmass
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Orientation of a Surface

g(x , y , z) = 0

n =
1

∥∇ g∥
∇ g

Surface

g(x , y , z) = z − f (x , y ) = 0

g(x , y , z) = f (x , y) − z = 0

Unit Normal Vector

Oriented Surface there exists a continuous unit normal vector function 
n defined at each point (x,y,z) on the surface

Orientation the vector field n(x, y, z) or –n(x, y, z) 

Upward orientation z = f(x,y) : positive k component 

Downward orientation z = f(x,y) : negative k component 

∇g =
∂g
∂x

i +
∂g
∂ y

j +
∂g
∂ z

k

z = f (x , y)Surface
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Level Curve and Surface

w = G(x , y , z )Functions of three variables 

Level Surface ci = G(x , y , z)

R4

0 = ∇G(x , y , z) ⋅ r '(t)

R3

z = F (x , y )Functions of two variables 

Level Curve ci = F (x , y )

R3

0 = ∇ F (x , y ) ⋅ r '(t )

R2

G (x , y , z) = 0

G (x , y , z) = 0

H (x , y , z ,w) = 0

F (x , y ) = 0

when z = 0

when w = 0
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Gradient & Normal Vector

w = F (x , y , z )Functions of three variables 

Level Surface c0 = F (x , y , z)

R4

x = f (t)

y = g (t)

z = h(t )dc0

dt
=

dF
dt

(x , y , z )

0 =
∂ F
∂ x

d x
dt

+
∂F
∂ y

d y
dt

+
∂ F
∂ z

d z
dt

0 = (∂F∂ x
i +

∂F
∂ y

j +
∂ F
∂ z

k) ⋅ (dxdt i +
d y
dt

j +
d z
d t

k)

0 = ∇ F (x , y , z) ⋅ r '(t)

normal to the level surface at ∇ F P (x0 , y0 , z0)

R3

tangent 
vector
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Surface Integral over a 3-D Vector Field (1)

domain range

A given point in a 3-d space

(x0, y0, z0)

A vector

〈 P (x0 , y0 , z0) , Q(x0 , y0 , z0), R(x0 , y0 , z0) 〉

= P (x0, y 0,z0)i + Q(x0, y0, z0) j + R (x0, y0,z0)kF (x0, y0, z0)

(x0, y 0, z0)

P (x0, y0,Z0)
(x0, y 0, z0)

R(x0, y0, z0)(x0, y 0, z0)

x

y

z

(x0, y 0, z0)

x

y

z

F (x0, y0, z0)

Q(x0, y0, z0)(x0, y 0, z0)

3 functions

only points that are 
on the surface

n

consider only the component of F along n F ⋅ n
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Surface Integral over a 3-D Vector Field (2)

F (x , y , z) = P (x , y , z) i + Q(x , y , z) j + R(x , y , z) k

∫c
F⋅dr = ∫C

P (x , y , z ) d x + Q(x , y , z) d y + R(x , y , z ) d y

r (t) = f (t) i + g (t) j + h(t) k

Line Integral over a 3-d Vector Field

Surface Integral over a 3-d Vector Field

∬
S

(F⋅n) dS
total volume of a fluid
passing through S 
per unit time

velocity field 
of a fluidF

n =
∇ g

∥∇ g∥

= flux
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Vector Form of Green's Theorem

= ∫C
P (x , y ) dx + Q(x , y ) d y

W = ∫c
F ⋅dr = ∫c

F ⋅T ds

F (x , y ) = P (x , y )i + Q(x , y ) jA force field

C :x = f (t) , y = g (t), a≤ t ≤ bA smooth curve

Work done by F along C

∮
C

P dx + Q d y = ∬
R

(∂Q∂ x −
∂P
∂ y ) d A

= ∇×F = ∣
i j k
∂

∂ x
∂

∂ y
∂

∂ z
P Q 0

∣ = ( ∂Q∂x −
∂P
∂ y )kcurl F (∇×F )⋅k = ( ∂Q∂ x −

∂P
∂ y )

∮
C

P dx + Q d y = ∬
R

(∇×F )⋅k d A

R

C
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Stokes' Theorem (1)

W = ∫c
F ⋅dr = ∫c

F ⋅T ds

F (x , y ) = P (x , y )i + Q(x , y ) jA force field

Work done by F along C

= ∬
R

(∇×F )⋅k dA

R

C

n

R

T

v

= ∬
R

(∇×F )⋅n d A2-space 3-space
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Stokes' Theorem (2)

W = ∫c
F ⋅dr = ∫c

F ⋅T ds

F (x , y ) = P (x , y )i + Q(x , y ) jA force field

Work done by F along C

n

R

T

v

= ∬
R

(∇×F )⋅n d A3-space

= ∇×F = ∣
i j k
∂

∂ x
∂

∂y
∂

∂ z

P Q R
∣curl F

= ( ∂R∂ y
−

∂Q
∂ z )i + (∂ P∂ z

−
∂R
∂ x ) j + (∂Q∂ x −

∂P
∂ y )k

n =

∂ f
∂x

i −
∂ f
∂ y

j + k

√1 + ( ∂ f∂ x )
2

+ ( ∂ f∂ y )
2

g(x , y , z )

= z − f (x , y )

surface
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Gradient of a 2 Variable Function

Function of two variables

∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j

f (x , y )

y

z

x

i

j

k

θ
u

∂ f
∂x

= −2

∂ f
∂ y

= −1

vector

∂ f
∂x

i = −2i
∂ f
∂ y

j = −1 j

Slope in the 
x direction

Slope in the 
y direction

x

y

Rate of change of f in the x direction
Rate of change of f in the y direction
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2-D Divergence

(x , y )

(x+Δ x , y)

(x , y+Δ y )

(x+Δ x , y+Δ y )

F (x , y )

F (x+Δ x , y )

F (x , y+Δ y )

F (x+Δ x , y+Δ y )

x

y

z
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Chain Rule

Function of two variable y = f (u, v )

u = g(x , y ) v = h(x , y )
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