CORDIC Background (2A)

Young Won Lim



Copyright (c) 2011-2012 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no
Back-Cover Texts. A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

Young Won Lim
04/09/2012


mailto:youngwlim@hotmail.com

CORDIC Background

J. P. Deschamps, G. A. Bioul, G.D. Sutter, Synthesis of Arithmetic Circuits

2A Background 3 Yo 052012



Vector Rotation (1)

, ’ ,
(xo, yo) Yo / (xo: yo)
ST

/
> >
R R Xy X
rotate by 0 _
X, = x,c080 — y,smb6

(xo, J’O) ‘ (x1, J’1)

Y, = x,sn0+ y, cos0O
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Vector Rotation (2)

Yo

In the rotated coordinate

invariant length X, ¥,
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Vector Rotation (3)

X, = Xx,cos0 — y,sin0 y, = X,smn0+ y, cos0O
A A
('xl’ J’1) ('xl’ yl)
- \\ A A \
\‘ . X \
\ X, sin® 0 \
/\\1(350’ yo) \ (xo’ yo)
0 Y1 0
<> Y, cos B -
— - v v -
>
<» <>
¥, sin0 YV, cos0
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Successive Rotations

Rotate -
Given Vector :> omputing
Given Angle new coordinates
: : Rotate _ 0
Given Unit Vector :> . COs
Given Angle 6 y = sin6

Rotate

Given Vector (x, ) :> X, = X,c080 — y,sinf
Given Angle 6 Yy, = X,sinB + y, cos6

B, - oeoee -0 - 0., > oo o - 0, -0
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CORDIC Rotation

0, B oeoeo -0 - 0., B ooo - 0 —0

Xo X Xit1 X,
> e —> —> —» oso0o0 —>
yO yi yi+l yn

X.., = x,c080.— y.sinoB. .
s P Ve ; Pseudo-rotation
Vioy = x;8m0. + y, coso,

X;y = c€osb, (xi — Vi tanﬁi) X' (xi — Vi tan@i)
Yiy1 = cosB; (‘xi tan 6,+ yi) Yiag = ('xi tan 6, + yi)

1
Xiv1 = (xi — Vi tanei)
o \/1 + tan’0,

Vi = ——— [x, tan6,+ y)
\/1 + tan” 0,
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cos O in term of tan 6

r
b
a
0 cosf = — =
4 r \/a2+b2
cosO = 4 — 1
r V1 +(blay
sinf = é = 1 >
r \/1 + tan"0
tan0 = é
a
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Pseudo-rotation — factor of 1/cos 6

A .
(rcos@,rsm@) rcosO rsin6 -
cosO ~ cosO :
7S o
0
rcos o
r )
7sin o /
6 -
7 cos 0 6
4
¥y . rcos = s : r rcos : rsmmb = r : ¢
a 7sin 0
S = S =
cosO cos O
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Pseudo-rotation (1)

A A ! !/
(xi+1’ yi+1) /(xiH’ yi“) ”/(x i+10 Y i+1)
('xi’ yi) (xi’ yi)
- >
R R
X;y1 = cosb, (xz' — Vi tanGi) X'y = (xi — Vi tan@l.)
Yiy1 = cosB; (‘xi tan 6,+ yi) Yia = ('xi tan 0, + yi)
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Pseudo-rotation (2)

A A
('x,i+1’ yli—l—l) (x'. T 1)
(xi+1’ yi+1) " "
(xi’ yi) (xi’ yi)
>
R R
X' = X/ cosb, X'z X
Yia = Y / cos 6, Y'ia = Y
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CORDIC Iteration Equations (1)

o, - XX - o - o, > X X —» ocn—>0

e e el -1

yO yi yi+l yn
X, = X; 080, — y,8in6, = cosO, (x,— y,tan0,) = (1/\/1 + tan’0,) (x, — y, tan6,)
Yis1 = X;8in0, + y,cos0, = cosO, (x,tan0,+ y,) = (1/\/1 + tan’0,) (x, tanO,+ )

Pseudo-rotation

Xo x'; x’i+1) | x',
- s | | , oo o —»> ,
(yo) (y i) (y i+1 (y n)

X'y = (x/,—y' tanB,) = (x' cosH, — y’' sin®,) V1 + tan’ 6,
y'in = (x tan®,+y') = (x' sin0, + y’, cosH,) \/1 + tan’ 0,

x' = {x,cos(X0,)— y,sin(X0,)} Tl W1+ tan 0 |

6, = 0—286,
y', = {xo Sin(zei)+y0 COS(Z ei)}'H{\/l +tan28i}

n
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CORDIC Iteration Equations (2)

Pseudo-rotation

X0 x'; X' x',
—» oeoeoe - , | , eoo —> ,
Yo Vi Yot Yo

x'. = (x =yl tan@i) = (x'i cosO, — y'. sinei) \/1 +tan28i
Vi = (x’,- tan 0, + J"i) (x’,- sinO, + y'. cosG,.) \/1 + tanzf),.

x' = [x,co8(X0)— y,sin(X6,)] - TT{y1 + tan6,
s cos(£6) — y, sin(£6)] - TT| e —eise
y'y = {x,sin(X6,) + y,cos(X6,)}- 1 {\/1 + tan” 0,
. A
+2 .
Choose 0, such that tan 0, = { 5 J 1+ 2
tanf, = 0,2 o, €{+1,—1}
1+ ;27"
X'y = (x' =y 027 1427
i +j2
Vi = (x,027+y") L+j27
. ] 1+j2"
0., = 0,—tan(c,27") I 3
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CORDIC Iteration Equations (3)

+27 o= (x".—y". 02"
Choose 6, suchthat tano, ={ y i (x" y_;_ 0;27)
—2 Yia = (x 70,2 +y ’i)
tan0, = 0,2 o, €{+1,—1} 0,,, = 0. —tan(0,27)
A A
1 (1, 2") 1 (1, 2%)
(1,27 (1,27)
7
(1,27) (1,27
(1,27 — | (1,27
—» (1,279 — » (1,27%
— | |
1 1
+1

tan0, = *27' cosO, = ——— , »
A1 + 272 (+cos@i —smei) 1 ( +1 F2 ’)
' 1

+sin0, +cos0O,
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CORDIC Iteration Equations (4)

A Allowed angles at the step i =0 A Allowed angles at the step i = 1
! (1,2 I (1,2°)
(1,27") (1,27
(1,27%) (1,27%)
(1,27 (1,27
L2 L2

i B

[ | (|

L 1 1
— b
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CORDIC Iteration Equations (5)

A Allowed angle at the step i =2 A Allowed angle at the step i = 3

! (1, 2°) ! (1,2°)
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CORDIC Iteration Equations (6)

+271 ' _
Choose ©; suchthat tan®, ={ . (x

-2~ Yia = (x f Oiz_i+ Yy ’i)
tan0, = 0,27 o, €{+1,—-1}

+cosO —sinO
+sin® +cosO

_ 1 +1oF2 1 +1 F27 | 1 [+1 F2°
1 +2727 (27" +1 1+ 2720 227" 1) 1 420\%£2° +1
1 +1 F27" [+ w2+ F27
\/—2" +2‘21 V1270 e 4 270 +1 [ \x27" +1
W K = [[1/V1+tan’0, = 0.607 =) (+COS(29,~) —sin(ZBi))

+cos(X0,) —sin(X6)| _ 1 [+cos® —sin® 1/K = []V1+ tan’0, = 1.647
+sin(X 0,) +cos(X0,) K +sin® +cos0 — 4 — CORDIC Gain
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CORDIC Iteration Equations (7)

+2_i ’ — r ' —I
Choose 0; suchthat tano, ={ y X i (x,. y_; c,27)
—2 Yia = (x 02+ y ’i)

tan@i = 01'2_1 O; € {+19 _1} ei+1 0. — tan(Gl-Z )

+cosO —sinO
+sin® +cosO

1 +1 F27") L[+ 27 +1 F27°
Vi+272 7 272 1220 (a0 4 w27t 41 ) l=20 4

m Use pre-computed value ) niterations

each iteration involves only
adding and shifting

Similar to shift-and-add multiplication

X'y = (x =y Giz_i)
Yia = (x f 0i2—1_|_ Y ,i)
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CORDIC Iteration Equations (8)

Pseudo-rotation

X0 x'; X' x',
—» oeoeoe - , | , eoo —> ,
Yo Yo Yot Yon

x'. = (x =yl tan@i) = (x'i cosO, — y'. sinei) \/1 +tan28i
v = (x’,- tan 0, + J"i) (x’,- sin®, + y’, cosG,.) \/1 + tanzf)i

x' = [x,co8(X0)— y,sin(X6,)] - TT{y1 + tan6,
s cos(£.0,) — y, sin(X 6] 11 | Y oo
y'y = {x,sin(X6,) + y,cos(X6,)}- 1 {\/1 + tan” 6,
Choose 6; such that tano, = 0,27 o, €{+1,—1}
x' = (x",—y' 027 x' = 1/K(x,cos® — y,sin0)
y' = (x027+y") y' = 1/K(x,sin0 + y, cos0)
0., = 0 —tan (0,27 6, = 06— Xtan '(0,27)
K = T1{1/41+ tan’a,)
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CORDIC Iteration Equations (9)

Pseudo-rotation

X0 x'; X' x',
- oeo0oe | |, oo o —> ,
Yo Y Yo+ Yon

Choose 0, such that tan0, = 0,27 o, €(+1,—1}

x' = (x",—y' 027 x' = 1/K(x,cos® — y, sin0)
o= (x 0,27+ y") y', = 1/K(x,sin0+ y, cos6)
0, = 6,—tan '(0,27) 6, = 6—Xtan '(0,27)
pre-compute K = [1{1/+1+ tan’8,} = 0.607
set x, = K = 0.607
Yo = 0
then x' = 1/K(K cos® —0-sinB) = cos0
y' = 1/K(K sinO+ 0-cos0) = sin0
2A Background
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Example: cos/75°, sin/75° - Step O

i=0 (;z) _ (0.207) 0 = 75°

(6, > 0) 2 0,=+1: o0,=-1
(6,=75)° > 0° =) o, = +1
27=2" = 1 ) tan '27 = tan 'l = 45°

x' o= (x". =y 27 x'; = 0.607 — 0-(+1)-1 = 0.607

y',o=(x" 027+ ") y', = 0.607-(+1)-1+0 = 0.607

0.,, = 0,—tan (0,27 6, = 6,—45° = 30°
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Example: cos/75°, sin75° - Step 1

S S I
(6, > 0) 2 0,=+1: o0,=-1
(6, =30)° > 0° ) o, = +1
27'=2"" = 0.5 ) tan'27" = tan'0.5 = 26.565°
x' o= (x". =y 27 x', = 0.607 —0.607-(+1)-0.5 = 0.3035
y',o=(x" 027+ ") y', = 0.607-(+1)-0.5 + 0.607 = 0.9105
0, =6 —tan '(0,27) 0, = 0, —26.565° = 3.435°
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Example: cos/5°, sin/5° - Step 2

i=2 [x'5] _ [0.3035 _ .
(y’z) (0.9105) 6, = 3.435
(6, > 0) 2 0,=+1: o0,=-1
(6,=3.435)° > 0° ) o, = +1
27'=2"% = 0.25 ) tan 277 = tan '0.25 = 14.036°
x' o= (x, =y 027 x'y = 0.3035—0.9105-(+1)-0.25 = 0.0759
v = (x, 0,27+ ") y'y = 03035-(+1)-0.25 + 0.9105 = 0.9864
0, =0 —tan (0,27 6, = 6,—14.036° = —10.601°
Y Won Li
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Example: cos/75°, sin/75° - Step 3

=3 (;z) = (8:8;22) 0, = —10.601°
(6, > 0) 2 0,=+1: o0,=-1
(6, =-10.601)° < 0°C) o, = —1
27=27 = 0125 O tan'27 = tan'0.125 = 7.125°
x' o= (x, =y 027 x', = 0.0759 — 0.9864-(—1)-0.125 = 0.1992
y'o=(x", 0,27+ ") y'y = 0.0759:(—1)-0.125 + 0.9864 = 0.9373
0, =0 —tan (0,27 0, = 0,+7.125° = —3.476°
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Example: cos/75°, sin/75° - Step 4

i=4 x'y| _ [0.1992 L .

(y’4) (0.9373) O, = —3.476
(6, > 0) 2 0,=+1: o0,=-1

(6,=-3.476)° < 0° =) o, = —1

27'=2"" = 0.0625 ) tan'2™* = tan '0.0625 = 3.576°
x'o=(x" =y 0,27 x's = 0.1992 — 0.9373:(—1)-0.0625 = 0.2578
o= (x, 0,27+ ") y's = 0.1992:(—1)-0.0625 + 0.9373 = 0.9249
0.,, = 0,—tan (0,27 0, = 0,+3.576° = 0.1°

2A Background 26 Young Won Lim

04/09/2012



References

[1] http://en.wikipedia.org/

[2] CORDIC FAQ, www.dspguru.com

[3] R. Andraka, A survey of CORDIC algorithms for FPGA based computers
[4] J. S. Walther, A Unified Algorithm for Elementary Functions

[5] J. P. Deschamps, G. A. Bioul, G.D. Sutter, Synthesis of Arithmetic Circuits

Young Won Lim
04/09/2012


http://www.dspguru.com/

	슬라이드 1
	슬라이드 2
	슬라이드 3
	슬라이드 4
	슬라이드 5
	슬라이드 6
	슬라이드 7
	슬라이드 8
	슬라이드 9
	슬라이드 10
	슬라이드 11
	슬라이드 12
	슬라이드 13
	슬라이드 14
	슬라이드 15
	슬라이드 16
	슬라이드 17
	슬라이드 18
	슬라이드 19
	슬라이드 20
	슬라이드 21
	슬라이드 22
	슬라이드 23
	슬라이드 24
	슬라이드 25
	슬라이드 26
	슬라이드 27

