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Fourier Series

f(x) = ay + D (a,coskx + b, sinkx)
=1

1 +7
ay = 5 _nf(x)dx

a, = %f:f(x) cos kx dx

S
=
Il

% [ (%) sin kx dx

k=123, .. ) one-sided spectrum
only positive frequencies
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Trigonometric Identities

cosO cosp = %(cos(ﬁ—q)) + cos(0 + ¢)) %(1 + cos(0+ ¢)) when 0=¢

B Bl — %(cos(@—q)) — cos(6 + ¢)) %(1 ~ cos(04 ¢)) when 6=¢

sin@ cos ¢ = %(Sin(ﬂ-l-(])) + sin(0 — ¢)) %(sin(6+q))) when 0=¢

cosOsin¢p = %(sin(6+q)) — sin(0— ¢)) %(sin(6+q))) when 0=
+n tn

f_n cosnx cosmxdx = 0 (n # m) f_n cosnxcosmxdx = (n = m)
+7 BE

f_n sinnx sinmx dx = 0 (n # m) f_n sinnx sinmx dx = n  (n = m)
+7

f_ sinnx cosmx dx = 0 .
" n, m : integer

f: cosnx sinmx dx = 0
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Trigonometric Orthogonality

+
A

cosnx cosmxdx = 0 (n # m)

|
|

f(x) =a, + Z(akcoskx + b, sinkx)
k=1

sinnx sinmx dx = 0

+ |
A A

a, = ! +T[f(x)a’x

e sinnx cosmx dx = 0
27 n

%'—aﬁ'—a
a
B
s
3

a, = %fjf(x) cos kx dx cosnx sinmx dx = 0

1 +7 .
b, = ;f_nf(x) sin kx dx f cosnx cosmxdx = n (n = m)

k=1, 2, 3, .. _rn sinpnxsinmx dx = T (” = m)

n, m : integer

a, « f(x)-coskx = a,-coskx + (a, cosmx-coskx + b, sinmx-coskx)

1

DMs 5 s

b, « f(x)-sinkx = a,-sinkx + (@, cosmx-sinnx + b, sinmx -sink x)

1

m
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Any Period p = 2L

g(v) = a, + kZ::l(ak coskv + b, sinkv) flx) = a, + Z a, cos%x + b, sink—LT[x
k=1
. 1 +n 1 +L
ay = 5| glv)dv ay = 57 [, f(x)dx
1 ptr 1 ¢+L X
a, = ;f_ng(v) cos kv dv a, = Zf_Lf(x) cos dx
1 pt+=n . 1 +L . kmnx
b, = ;f_ng(v) sin kv dv b, = zf_Lf(x) sin = dx
k=1, 2, .. k=1, 2, 3,
v: [-m, +T] x: [-L, +L]
y = Sy
L
U
dv = —dx
L
1B CTFS 6 Young Won Lim

6/21/12



Time and Frequency

f(x) = a, + Z a, cosﬂx + b, sinﬂx x(t) = a, + Z a, cosznkt + b, sin nkt
i1 L L Pt T
ao—ﬁ_fox ao—?oxt t
1 L 2 T 2nkt
a, = Zf_Lf(x) CcOS d. a, = ?fox(t) S dt
1 L kmx 2 T . 2mkt
b, = zf_Lf(x) sin dx b, = ?fox(t)sm dt
k = 1, 2, 3, k = 17 29
x: [-L, +L] t: [0, T]
&> et ﬁ
Continuous Time Periodic Signal x(t)
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Harmonic Frquency

x(t) = ay + D, |a, cosz;[,kt + b, sinzgkt = Z(ak cos(2nk f,t) + b, sin(27tkf0t))
k=1 eyt
1 pr I
a, = ?J‘O x(t) dt a, T fo x(¢) dt
2 T
a, = %fﬁx(f) 27;1kt dt a, = ?fox(t) cos (2mk fot)dt k =1, 2, ...
2 o1 2k b, = = [ x(t)sin Qnk for)dt Kk =1, 2
bk = —f X(t)Sln T[ td ko ? Ox(t)SIH( gt fOt) t - ) 9 e
T Jo T
k=1, 2,
. 1
resolution frequency fo = 7
. 1
n-th harmonic frequency f,=nf, = "o

1B CTFS 8 Young Won Lim

6/21/12



Radial Frequency

x(t) = a, + Z(ak cos(k2mf,t) + b, sin(k27tf0t)) x(t) = ay + Z(ak cos(kwyt) + b, sin(kooot))
n=1 n=1
1 or
a, = %fgx(t) dt a, = Tfo x(2) dt
_ 2 (7 _ a, = ngx(t) cos (kwyt) dt
a, = Ffox(t) cos (k2m fot)dt k =1, 2, .. k 7 Jo 0
2 T .
b, = %fzx(z)sin (k2nfot)dt k=1, 2, .. by = = [, x(t)sin (koyt) di
k=1, 2, ..
t: [0, T] : [0, T
linear frequency f
angular (radial) frequency w = 2nf
1B CTFS 9 Young Won Lim
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Complex Fourier Series Coefficients

b
Il
—_

x(t) = a, + i(ak cos(kwyt) + b, sin(kooot))

a, = %fjx(t) dt
a, = %_ﬁx(z‘) cos (kw,t) dt
2 T .
b, = rd Ox(t)sm (kw,t) dt
k=1, 2,
t: [0, T}

Real coefficients

a,, a,, b, k=12, ..

Complex coefficients
A,, A,, B,, k =

| T
4, = - |, x(e)a
A, = %J‘Zx(t) ke gy
B, = %fﬁx(t) et dt
t: [0, T]

one-sided spectrum
only positive frequencies

two-sided spectrum
Both pos and neg frequencies
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Euler Equation (1)

>
Il
—_

x(t) = a, + i(ak cos(kw,t) + b, sin(k(uot))

1 ik wyt —jkwyt 1 ke w,t —jkwyt
1 T — - J KW J KWy - JR WO J KW,
a():?_fox(t)df ak2(e +e )+bk2j(e e )
a, = %f:x(t) cos (kw,t) dt _ (a; _2jbk) Skt (aszbk) o koot
2 T .
b, = T Ox(t)sm (kw,t) dt _ 4 Skt L B, L
k=1, 2,
e’/ = coswt + jsinwt x(t) = 4, + (Ak e/ + B, e_jkwot)
. k=1
e’ = coswt — jsinwt
zero freq m 4, = 4, o o
e’ e =
coswt = f A_l( —jb,) @2
2 pos freq mm) kT 5\ ]k>8_qCJ
. jwt  —jwt P 8’
sinwt = 27 negfreq m) B, = 5 (ak-l—jbk) Sf—_’
1B CTFS Young Won Lim
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Euler Equation (2)

0 1 pr ..
x(t) = a, + Z(ak cos(kwyt) + b, sin(k(oot)) A, = ?J‘Ox(t)(cos (kw,t) = jsin (kw,t)) dt
k=1
I ¢T .
| ot B, = ?fox(t)(cos (kwyt)+ jsin (kw,t)) dt
ay = & -[o x(t) dt
a, = %_ﬁx(z‘) cos (kw,t) dt
1 T —jkw,t
A = — t)e " dt
b, = % | x(¢) sin (kw,t) dt o= 7 doxle
k=12 . Be = = [y x(e) e a
x(t) = 4, + ) A, e+ B, et * . .
() 0 kZ::I( k k ) X(f) _ AO + Z(Ak e+jkw0t + Bk e—]kwot
k=1
zero freq ™ 4, = a,
1 :
posfreq mm 4, = E(ak_]bk)

v
only positive
frequencies

neg freq - Bk = %(ak + jbk) X(Z‘) — ];)(Ak e+jk(1)ot + Bk e—jkwot
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Complex Fourier Series

x(t) = a, + Z(ak cos(kwyt) + b, sin(k(oot)) x(1) = Z(Ak gkt | g gk
k=1 k=0
1 ) —Jjkw,t
a, = FIOX(t)df Ak — %J‘Zx(t)ejk()dt
2 (" k=0, 1,2,
a, = ?fox(t) cos (kw,t) dt
2 ! 1 — 1 T kow,t
by = 7 Joxlt)sin (koyr) dr B, = Tfox(t) Ry
k=1, 2, . k=1, 2,
0 +o0
X(f) = AO + Z(Ak Tk wyt + Bk Jkoyt X(t) — Z Ck +jkwyt
k=1 k=—w
Ao = 4, Ck _ % Zx(t) Jkoyt dt
A, = %(ak Jjby) k= =2, =1, 0, +1, +2,
: 4, (k=0)
B = glatib C, ={Ak (k> 0)
1B CTFS 13 Young Won Lim

6/21/12



Single-Sided Spectrum

x(t) = a, + Z(ak cos(kwyt) + b, sin(ku)(,t)) x(t) = g, + ng cos(kw,t + ¢, )
k=1 k=1
1 7 _ 4
a = 7 fo x(t) dt 8o 0
2 T 8r = Vai-kbi
a; = = fox(z‘) cos (kw,t) dt )
¢, = tan  [——%
b, = %fo(t)sin (k wyt) dt " ( ak)
k= +1,+2, .. k= +1,+2, ..
cos(o+p) = cos(a) cos(p) — sin(a) sin(p) a, = g cos(q,)

—b, = g, Sin(q)k)

g cos(kwyt + ¢,) = g, cos(¢y) cos(kwyt) — g, sin(g,) sin(kw,?)

2 2 2
a,+b, = g,

a, cos(kwyt) + by sin(k wy?) —ﬁ = tan(¢,)
— k

1B CTFS 1 4 Young Won Lim
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Phasor Representation (1)

x(t) = a, + Z(ak cos(kwyt) + b, sin(ku)(,t)) x(t) = g, + ng cos(kw,t + ¢, )
k=1 k=1
1 7 _
a = 7 fo x(t) dt 8o = 4
2 (T gk = Vai-kbi
a; = = fox(z‘) cos (kw,t) dt )
> 1 ¢, = tan | ——
b, = T , x(2) sin (kowyt) d i
k=12 k=12
x(1) = g, + ng cos(kwyt + ¢;) x(1) = X, + ; RK e
k=1 B
x(t) = g, + ];gkm{ Filkoor+ ) X, = g
® _ +
W) = g + X Rigpe ] T e
k=1 k = 1’ 2’
1B CTFS 15 Young Won Lim
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Phasor Representation (2)

x(t) = g, + ,; %,(eﬂ(kwotmk)+e—j(kmot+¢k)) x(t) = g, T+ I;gk cos(k(x)otJrq)k)
X(t) = g, + Z (% e+j¢k e+jk(1)0t+ %e_jq)ke_jkwot) g, = a,
k=1
8r = Vai-kbi
0 gk e+j¢k " g e_jq)k ‘ b
+ jk w,t —Jjkwt
xlt) = g + 2| g e S 0 = tan” (__k)
k=1 a,
k=1, 2,
+0o0 ' 0 .
x(t) = Z C, e x(t) = X, + Z R{X e
k=—o0 k=1
+j o
Ck:gk; (k>0) Xo = &
—J O X — _e+j¢k
_ 8x € /e k Ek
€= lk<0) k=1, 2
k= -2, -1, 0, +1, +2, ...
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Two-Sided Spectrum

Z C +]k0)o Z C +jkwO

Power Spectrum  Two-Sided Periodogram One-Sided
|Ck|2+|c—k|2 = %|gk|2 = %(alzc_i_blzc) 2'|Ck| = |gk| = \/alzc+bi

1B CTFS 17 Young Won Lo



CTFS of Impulse Train (1)

n=—oo 1 1 1 1 1 1
Fourier Series Expansion of Impulse Train T T T T T T >
o —3T, —2T, T, \ T, 2T, 3T,
+jko,
plt) = 2. aye”™
k=—ow
o = 27
Fourier Series Coefficients * T,
+7,/2
_ 1 —jkwt
“k‘s_zj,zé R e S I
TS TS TS TS TS TS TS
p !
—]k(DO
= — dt
—3w, 2w, —o, ®, 2w, 3w,
1 +7./2 1
= — f S(t)dt = —
TS —-7./2 Ts
1B CTFS 18 Young Won Lim
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CTFS of Impulse Train (2)

1 —+00 1 +o0
+jkw.t . .
plt) = — > a, e’ = — > (coskw,t— jsinko,)
TS k:—oo TS k =—
cos2m-1-¢ sin2m-1-¢
1 1
05 1 \‘\ ;“/ \\ s’/ “\“x s“/ \\ ] 05
0 0
05 - | 05 -
2 1.5 1 0.5 0 0.5 1 15 2 2 15 1 0.5 0 0.5 1 15 2
40 T ‘ T ‘ T ‘ T 30 1
30 H H . 207
10 |-
20 | | | | 1 ol |
10 - | u u . ol
0 ‘Jﬂ.« , r_’mw\\w\.& &_’wx!\““‘ew\.r ) M\\‘\\wr‘. | a.t«ﬁ 0
\“w .Mn W w '“w‘\\\ 20 -
-10 ‘ ‘ ‘ -30
-2 -1.5 -1 05 0 05 1 1.5 2 -2 -1.5 -1 -05 0 05 1 1.5 2
40 40
D cos2m k-t D sin2mket
k=1 k=1

1 B CTFS 1 9 Young Won Lim
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CTFS of Impulse Train (3)

~+o0 +o0
plt) = TL > a, et = L > (coskw,t— jsinkw,t)

s k=—o TS k=—o0

cos2m-1-¢ sin2m-1-¢
1 1
\ \ / \ / \ /
05 L \““ \“‘ “‘/ \“‘ ““/ \“‘ “‘/ H 05 L _
0r | q 0r 1
05 \/ \ //“ \ \/ | 05 )
1 | | 1 | | | 1 _1 L L | | | L L
2 15 1 0.5 0 05 1 15 2 -2 15 1 0.5 0 05 1 15 2
100 1e-13
80 - \ \ \
5e-14 b
60 | H ‘ H ]
40 | I \ I 1 0r 1
20 | I I I 1
‘\\" A hr}\H\\u\ N A !w}\HM\ A h}\H\‘\\\ A A h” -56-14 [ b
0 VY i I e e u\‘\
_20 ‘ | ‘\‘ | ‘\‘ L ‘\‘ | _1e_13 L L | | | L L
-2 -1.5 -1 0.5 0 05 1 15 2 -2 15 -1 -0.5 0 05 1 1.5 2
40 40
E cos2m-k-t E sin2m-k-t
k=—40 k=—40
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Square Wave CTFS (1)

Continuous Time Fourier Series

- %fixu)e-fw § o () = e,
n=0

Fundamental Frequency

1 J«+T /2 jku)ot s
o T2 X
W, = 2_7[ (DOTO = 2n - 5 = 2
+T,/2 T _
— —Jjkwyt 0 (DOT =T T 1
+T/2 w, T = 21—
T2 -1 _; 0 T
_ Jk ot _ Jk oyt
o A - 0 Ty
0 J KW, -T/2 T 1
sin(k w,T/2)
e—jku)OT/2_e+jku)0T/2 sin(k(DOT/2) kwy/2
- Jjkw, kw2 | |
T P . d T _2(,00 _(DO (DO 2(1)0 ?kmo
erio =
- > %—Oﬁ |C"|
1
T
I, Lo T
2
— ; ‘ I | |
_g +£ 2w, —w, W, 20,

18 CTFS 21 Yo Wizt



Square Wave CTFS (2)

c 1 sin(kw,T/2) 1 sin(7T kw,/2) 21 T, It
= — = — w E _ = —
T, kw2 T, kw2 © T, “op T
C, =0 ™  sin(kw,7/2) = 0 w, T = 27n—
0
sin[ k22X = 0 = sin(+an) = 0
Ty 2 e ™
T c 1 sin(kw,7T/2)
k= nle ™ 0= ko = tn2o, T T, ko2
d T
CO = T
1 sin(Tkw,/2) \_ ’ Y,
C, = lim —
k—0 TO k(l)olz
1 (Twy/2)cos(Tkw,/2) T
C, = lim —- = —
k—0 TO (1)0/2 TO
+—>Pe”0d I IR e | sin(koooT/Z)‘
T —_—
- T T kw,/2
T, T, TO 0 W,
2 2 | |
2w, —w, o, 20, ﬁku)o

Young Won Lim

1B CTFS
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Square Wave CTFS (3)

e . N
c - | sin(kw,7T/2) o = 2% T, 2n
ST, kg2 ° T, YT T T
T
Co = —
© T, 0,7 = Imt
\ J T,
o= kw, = tn—w, - 4 1 sin(k w,T/2)
Tlo - T, kw2

k o,

Young Won Lim
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Square Wave CTFS (4)

Continuous Time Fourier Series

%J‘qu) e—jkmot dt ” X(t) _ ch e+jkwot
n=0

Fundamental Frequenc
y
. ij’ jku)ot dt
k =
T (,l)=2—ﬂ: wy Ty = 21 -T0_2
+T7, ik 0 T _ 7 — T
f x, (t)e "™ dt 0 W, I = 7
T ! |
+T +r U)OT = 2m—
= [ etar = —1 it T
0 Jjkw, 0
« —jk2xTIT P )
—jko,T 0 —jkw,T —jk2xTIT N ¢ 1—(-1)
= 1_ N 1_ ’ C T S = -
= _¢ - ¢ = '8 = - © k=0 _]sz[/TO - Ck ]27[](
Jjk o, Jjk o, Jjk2n/T,
0w 1
T Period = T, C,T, = f;rTefo ol dt =T- C, =3
- > < > K /

1B CTFS 24 Young Won Lim
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Square Wave CTFS (5)

T Period = T, Ty 2
- > < > T 1
0 +T +T,
+jkw,T/2
_
- . D
T Period = T, T, 2 c - L.sm(kon/2)
A I = = ETT, ko2
T() TO T
-0 4+ - L
2 ‘2 - Co = T,
O ) !
1 sin(kw,T/2)  sin(knT/T,) (e”k”/T"—e_jk”T/T") ]
T, kw2 a km B jk2m 1
7.7
. i 0
= e+jkrtT/To l_e—JkZTfT/TO = e"’jk‘”Ole l_e—lszfT/To PR I T I 1
jk2m jk2m
2w, —w, 0, 2w,

Young Won Lim
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Inner Product Space

Hilbert Space  real / complex inner product space

(f.og) = J rlt)gld

complex conjugate Norm

(y,x) =(x,p) Il = V{x, x)

linear Cauchy-Schwartz Inequality
(ax; +bxy y) = alx, y)+b(x,y) [ ey | =< Xl

positive semidefinite

(x,x) =0

1B CTFS 26 Yo Wizt



Orthogonality

<« +jkw,t 1 T —jko,
x(z‘)=kzz_ C,e /"™ CkZFJ‘Ox(t)ejk " dt
k= .,-2-1,0,+1,+2, ..
1 27
fundamental frequency fo = T w, = 21 f, = -
: _ 27tn
n-th harmonic frequency f.=nf, w, = 2nf, = 7
m o nw T (m—n)w / O (m 7 I’l)
(™! QM = -[0 Sl .
T (m = n) m, n : integer
1B CTFS 27 Young Won Lim
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Inner Product Examples

T fo = UT w, = 2n/T

< -
“ —

R .
W m el

1

Jlogt jlogy T +j(1=1)wyr _ R Jjlo,t
(&™), &™) = foe dt =T (m m /™
1
R
Jlogt j—lwyt T 4 j(1+1)w,t Jj—lw,t

(e, e Y = foe dt = 0 (m , m e

R .
<ej10)0t, ej2w0t> _ J‘T e+j(1—2)(1)0tdt — 0 - - e]ZooOt
0 1
T R

1B CTFS 28 Yo Wizt



Cauchy-Schwartz Inequality

For all vectors x and y of an inner product space
2
[, [ < (e, x) - (y, »)

[ G, ) | <l Dl

The equality holds if and only if x and y are linearly dependent =)  maximum

_[Zx(t)mdt| < \/fix(t)mdt \/ij(t)mdt

Inner product is maximum
when y = kx

1B CTFS 29 Yo Wizt



Orthogonality

— * * * * * * * *
F,oFy Py F Py Fy, Py Py ¥, Py Fs PP Pyt

* * * * * * * *

Fs-Fy Fs F, FsF, Fs Fy Fs P, FsFs s Fg sty

* * * * * * * *

Fo-Fy Fo'F, Fg Py Fo Ty Fo T, FgFs T Fg TooTy

* * * * * * * *

1B CTFS 30 o



Complex Vector Inner Product

Hermitian inner product

(x,y) = x"-y = Zx;yi x? : conjugate transpose

Norm of Hermitian inner products

x| = V{x, x) = VxT x =y D xix, the length of a vector

a,+jb,
X = a2+.]b2 (x, x) = = ijxi
n
. . . ; 2 2
(al_Jbl a,—jb, - an_.]bn) a,+jb, = a; + b;
a,+jb, i=1

1B CTFS 31 Yo Wizt



The 1st Row of the DFT Matrix

R
0 cycle
7 Yy
— AP
it = ¢ F k=10, n=01,.,7
R w samples of cos(—wt) = cos(wt) } measure wt = 2T [t
>
sin(—w¢t) = —sin(wt) 270(5)-f 1

[ = samples of

X[0] measures how much of the +0+-w component is present in X.

Young Won Lim
6/21/12
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The 3rd Row of the DFT Matrix

2 cycles
7 Yy

whr = ¢ 7 F k=2 n=01.,67

wt = 21 ft
2m(5)-f,

R w9  samples of cos(—2wt) = cos(2wt) } measure
>
[ = samples of sin(—2wt) = —sin(2wt)

X[2] measures how much of the +2-wcomponent is present in X.

1B CTFS 33
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The 4th Row of the DFT Matrix

R
3 I

2y
s k=3 n=01,.,7

= cos(3wt) } measure wt = 27ft
>
21 (2)f ot

W' = e
R w»  samples of cos(—3wt)

sin(—3w¢) = —sin(3wi)

[ = samples of

X[3] measures how much of the +3-wcomponent is present in X.

Young Won Lim
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The 5th Row of the DFT Matrix

R

4 cycles
! WW y

2
o= ¢ 8 k=4, n=01.,7
R ws  samples of cos(—4wt) = cos(4wt) } measure wt = 2T [t
>

[ = samples of sin(—4wt) = —sin(4wt) 2m-(5)-f ot

X[4] measures how much of the +4-@wcomponent is present in X.

1B CTFS 35
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The 6th Row of the DFT Matrix

R

3 cycles
! MW '

—j(Ekn

W = e ® k=5 n=01,.,7

R w samples of cos(—(—3w)t) = cos(3wt) }measure
[ = samples of sin(—(—3w)¢) = sin(3wt) g

—wt = —2Tft
2m() St

X[5] measures how much of the —3-w component is present in X.
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The 7th Row of the DFT Matrix

R

2 cycles
! W '

—j(=-)kn

W = e k=2 n=01,..,7

R = samples of  cos(—(—2w)t)

cos(2wt) } measure
>

—wt = —27ft

[ m samples of sin(—(—2w)t) = sin(2wt) 21 (2)-f 8

X[6] measures how much of the —2-w component is present in X.

1B CTFS 37 Yourg e Lin



The 8th Row of the DFT Matrix

W = ¢ 78 k=17 n=01,..,7

R = samples of cos(—(—w)t) = cos(wi) }measure
[ = samples of sin(—(—w)t) = sin(w?) g

—wt = —27ft
Sy

X[7] measures how much of the —I-w component is present in X.

1B CTFS 38 Yo Wizt



References

[1] http://en.wikipedia.org/

[2] J.H. McClellan, et al., Signal Processing First, Pearson Prentice Hall, 2003
[3] G. Beale, http://teal.gmu.edu/~gbeale/ece_220/fourier_series_02.html
[4] C. Langton, http://www.complextoreal.com/chapters/fftl.pdf

Young Won Lim
6/21/12


http://teal.gmu.edu/~gbeale/ece_220/fourier_series_02.html

	슬라이드 1
	슬라이드 2
	슬라이드 3
	슬라이드 4
	슬라이드 5
	슬라이드 6
	슬라이드 7
	슬라이드 8
	슬라이드 9
	슬라이드 10
	슬라이드 11
	슬라이드 12
	슬라이드 13
	슬라이드 14
	슬라이드 15
	슬라이드 16
	슬라이드 17
	슬라이드 18
	슬라이드 19
	슬라이드 20
	슬라이드 21
	슬라이드 22
	슬라이드 23
	슬라이드 24
	슬라이드 25
	슬라이드 26
	슬라이드 27
	슬라이드 28
	슬라이드 29
	슬라이드 30
	슬라이드 31
	슬라이드 32
	슬라이드 33
	슬라이드 34
	슬라이드 35
	슬라이드 36
	슬라이드 37
	슬라이드 38
	슬라이드 39

