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● Negative Frequency
● Angular Frequency
● Fundamental Frequency
● Harmonic Frequency
● Sampling Frequency
● Normalized Frequency

DFT Frequency (4A)
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Negative Frequency

c.c.w

c.w e− j t = cos t  − j sin  t 

e j t = cos t   j sin t c.c.w

c.w

Angle
c.c.w (+)

c.w    (–)  
 

Angular
Speed  

c.c.w (+)

c.w    (–)  
 

Positive Frequency

Negative Frequency



 '

 = t   0

 ' =  ' t  '  0

 =  2
T   0

 ' = − 2
T  '  0

Positive Angle

Negative Angle
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Angular Frequency

f =
1
T

 =  t = 2 f t

 = 2 f = 2
1
T

Frequency (Hz: cycles per second)

1Hz → event repeats once per second

Angular
Frequency

 =
2
T

(radians per second)

One revolution =         radian2

Angular Speed

Phase
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DFT Matrix

W 8
0 W 8

0 W 8
0 W 8

0 W 8
0 W 8

0 W 8
0 W 8

0

W 8
0 W 8

1 W 8
2 W 8

3 W 8
4 W 8

5 W 8
6 W 8

7

W 8
0 W 8

2 W 8
4 W 8

6 W 8
0 W 8

2 W 8
4 W 8

6

W 8
0 W 8

3 W 8
6 W 8

1 W 8
4 W 8

7 W 8
2 W 8

5

W 8
0 W 8

4 W 8
0 W 8

4 W 8
0 W 8

4 W 8
0 W 8

4

W 8
0 W 8

−3 W 8
−6 W 8

−1 W 8
−4 W 8

−7 W 8
−2 W 8

−5

W 8
0

W 8
−2 W 8

−4 W 8
−6 W 8

0 W 8
−2 W 8

−4 W 8
−6

W 8
0 W 8

−1 W 8
−2 W 8

−3 W 8
−4 W 8

−5 W 8
−6 W 8

−7

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7

k=0

k=1

k=2

k=3

0 0 0 0 0 0 0 0
-0 -0 -0 -0 -0 -0 -0

0 -1 -2 -3 -4 -5 -6 -7
-1 -1 -1 -1 -1 -1 -1

0 -2 -4 -6 0 -2 -4 -6
-2 -2 -2 -2 -2 -2 -2

0 -3 -6 -1 -4 -7 -2 -5
-3 -3 -3 -3 -3 -3 -3

0 -4 0 -4 0 -4 0 -4
-4 -4 -4 -4 -4 -4 -4

0 +3 +6 +1 +4 +7 +2 +5
+3 +3 +3 +3 +3 +3 +3

0 +2 +4 +6 0 +2 +4 +6
+2 +2 +2 +2 +2 +2 +2

0 +1 +2 +3 +4 +5 +6 +7
+1 +1 +1 +1 +1 +1 +1

k=4

k=5

k=6

k=7

W 8
nk

= e
− j 

2
8

nkW N
nk±N

= W N
nk

* still symmetric matrix

c.c.w
c.w Exponents and Strides
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Fundamental and Harmonic Frequencies

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7

k=0

k=1

k=2

k=3

0 0 0 0 0 0 0 0
-0 -0 -0 -0 -0 -0 -0

0 -1 -2 -3 -4 -5 -6 -7
-1 -1 -1 -1 -1 -1 -1

0 -2 -4 -6 0 -2 -4 -6
-2 -2 -2 -2 -2 -2 -2

0 -3 -6 -1 -4 -7 -2 -5
-3 -3 -3 -3 -3 -3 -3

0 -4 0 -4 0 -4 0 -4
-4 -4 -4 -4 -4 -4 -4

0 +3 +6 +1 +4 +7 +2 +5
+3 +3 +3 +3 +3 +3 +3

0 +2 +4 +6 0 +2 +4 +6
+2 +2 +2 +2 +2 +2 +2

0 +1 +2 +3 +4 +5 +6 +7
+1 +1 +1 +1 +1 +1 +1

k=4

k=5

k=6

k=7

  0

 -1

 -2

 -3

 -4

 +3

 +2

 +1

cw     0

cw     -1ω

cw     -2ω

cw     -3ω

cw     -4ω

ccw    +3ω

ccw   +2ω

ccw   +1ω


T = N 

time

0

+1f

+2f

+3f

+4f

-3f

-2f

-1f

stride angular 
speed

Measuring 
Frequency

Harmonic 
Frequency

1st harmonic

2nd harmonic

3rd harmonic

4th harmonic

5th harmonic

6th harmonic

7th harmonic

    

Fundamental Frequency f 0

f k = k⋅f 0 k = 1,2,3,⋯

Harmonic  Frequency

Fundamental → 
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Sampling Frequency

= e
− j

2
8

⋅0



T = N 
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
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
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e
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
4
⋅7

1 cycle



T = N 

f s =
1


Sampling Time

Period

Sampling Frequency (samples per second)

f =
1
T

Fundamental Freq (cycles per second)

f =
f s

N  =
1

N  

f s =
1


f =
f s

N

W 8
0

W 8
−7

W 8
−6

W 8
−5

W 8
−4

W 8
−3

W 8
−2

W 8
−1

= e
 j

2
8

⋅7

= e
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2
8

⋅6

= e
 j

2
8

⋅5

= e
 j

2
8

⋅4

= e
 j

2
8

⋅3

= e
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2
8

⋅2

= e
 j

2
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⋅1


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Normalized Frequency



T = N 

f s =
1


Sampling Time

Sequence Time Length

Sampling Frequency

Normalized Frequency 

(samples per second)

(cycles  per sample)
f n

f s

=
n
N

f 2 = 2 ⋅ f 0

f 3 = 3 ⋅ f 0

f N−1 = N−1⋅f 0

...

f 1 = 1 ⋅ f 0 1 /N
2 /N
3 /N

N−1/N



T = N 

...

Harmonic
Frequencies

Fundamental
Frequency

Normalized
Frequencies

f 0 =
1
T

=
1

N 
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