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Causal LTI Systems (1)

d” y(1) d"""y(1) (1) d" x(1) d" " x(1) d x(t)

ay—=% +ta,._, = tota = +a,y(t) = b, i +b,,_, = +-+b, +b,x(t)
d'y(t), d"y(1) d y(1) d" x(1) d" (1) d x(t)

o +a g1 Toetay tayy(t) = W"‘bzv M+1W+”' by_y—~+byx(t)

N N-1 M M—1
1 TNy N = N-M+1 T ON N
(D" +a, D" +-+ay_,D+ay)y(t) = (D" +b D" +-+b,_ D+b,)x(t)
O(D)y(t) = P(D)x(¢)

M = N

dy(t), d"'y(1) d y(t) d"x(1)  d" " x(1) d x(t)

o +a1 Fy R S tayy(t) = By +b W+---+bN_l7+bNx(t)

(D"+a, D" '+-+ay_D+ay)y(t) = (byD"+b,D" "+

+-+b,_ D+b,)x(t)
0(D)y(t) = P(D)x(z)
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Causal LTI Systems (2)

d" y(t dN_ly(t) dy(t) d" x(t) d" 'x(¢) d x(1)
d“y(t) d" 'yl d d" x( d" " x(t d x(t
dilg )+a1 dtNJi(l )+---+aN_1 5( +ayy - by_ M+1dt—M_(l)Jr---erN_1 d(t )-l-bNx(t)

(D" +a, D" '++ay_,D+ay)y(t) = (D +bN_M+1DM‘1+---+bN_1D+bN)x(t)
O(D)y(t) = P(D)x(z)

 Zero Input Response
« Zero State Response (Convolution with h(t))
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Zero Input Response y,(t) - (1)

d'y(t) d y(2) dy(t)
o +a, o fotay P tayy(t) = by_,, "

by_yD"+by_y. D" '+4by_ D+by)| x(2)
+

(D"+a, D" '+4ay_ D+ay) - y(t) =

o(D) - yl(t) = P(D) - x(t)
O(D)y,(t) = 0 =) (D"+a, D" '+-4a, D+a,)y,(t) = 0
linear combination of y (1) and its derivatives = (
iff yolt) = ce*
% () = che
W(e) = erte
Y y
o(n) =0 - (W 4a, M tay,  hta,) ' = 0
= 0 # 0

Young Won Lim
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Zero Input Response y,(t) - (2)

(by_,y D" +by_yy. DY '+ +b,_ D+by) - x(t)

(D"+a, D" '+4ay_ D+ay) - y(t) =

o(D) - (1) = P(D) - «x(1)
O(D)yylt) = 0 ) (D"+a, D" '+-+a,_ D+ay,)y,(t) = 0
o(N) =0 <i> (N +a, N+ tay,  Atay) ce” =0
=0 #0
on) = W+a, MW"+ tay, Ata,) = 0
o) = (h=7)(A=2Ny) - (A=Ay) =0 A,  characteristic roots
yO(t) — Cl e)\'lt + cze)"zt e+ CNe)\'Nt e)\it CharaCteriStiC mOdeS

ZIR! a linear combination of the characteristic modes of the system

6 Young Won Lim
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Zero State Response y(t) - (1)

d” y(t dylt
di()+a1 P E) Ctdy §§)+aN}%” = by_y d" Dy s

(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)

o(D) - ylt) = P(D) - x(1)
All initial conditions are zero | »(07) = #(07) = $(07) - = y*(07) = ¥ 07) = 0
Zero State Response y(t) = f x()y(t—1)dr
Impulse response h(t)

causal system: response cannot begin before the input
causal input x(1): The input starts at t=0 h(t)=0 1<0

causal h(t): The causal system’s response to a unit impulse cannot begin before t=0

h(t—1)=0 t—1<0

Causality y(t) = [ x(0)y(t—1)dt ., t=0
.
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Total Response

d"y(t), d" y(1) dy(1) d" x(1) d" 'x(1)
dtN +a, dtN_l Tt ay_ Py +aNy(t) = bN—Md7+bN—M+1 dtM_l +°”+bN—1 7

by_yD"+by_y. D" '+4by_ D+by)| x(2)
+

(D"+a, D" '+4ay_ D+ay) - y(t) =
o(D) - ylt) = P(D) - x(1)

(t) = ;Ckem + x(t) % h(t)

Zero Input Response Zero State Response

y(t) = (1) + Volt)

Natural Response Forced Response

8 Young Won Lim
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Zero Input Response

N Nol M M—1
d y(t)+ d y(t)+---+a a’y(t)_l_aNy(t) _ b d x(t)+bN_M+1d x(t>+---+bN_1dx(t)'l'b;vx(f)

a,

dt deV! NUode A dM! dt
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - ylt) = P(D) - x(¢)
x(z)
|
t:()_ t:O t:O+
Input is zero Only initial conditions 7(07) = y,(0) = y,(0")

drives the system
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Zero State Response

) O IR ) W O SRt ) W - ) I . B
dtN 1 dtN_l N-—1 N N—M dtM N—M+1 d M—1 N-—1 df N
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - y(1) = P(D) - x(t)
A () y(1) I
S o RS
t=0 (=0 ¢=0"

t:()_ t:O t:O+

All initial conditions are zero

»(07) = #(07) = #(07) - =y 07) =" 0) =0
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Total Response y(t)

d"y(t), d" 'yt dyl(t d" x(t d" ' x(t d x(t
dyt]5 )+a1 tNJi(l )+---+aN_1 ZE )-I—aNy(t) = by thS )erN_M+1 y M_(l Ly +by, di )+bNx(t)
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - ylt) = P(D) - x(t)
A1) y(1)
\
t=0 =0 ¢=0" t=0" ;=0 ;=0"
y(t) = yolt) = t<0” in general,
zero input response because the input the total Fesponse
has not started yet »(07) = y(07)
+ . (= . (Nt
) i y(07) = y(07)
zero state response y(07) = y,(07) S
) ) possible discontinuity
#(07) = 3,(07) att=0
i i i Young Won Lim
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Impulse Response h(t)

dN { N-1 ¢ d /
dyt]5 )+a1 tNJi(l - . Zg )-I—aNy( ) = by_,, by e by T +byx(t)
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - yl(t) = P(D) - x(z)
6(f) h(t)
1 N \
5(07)=0 AY . 5(0")=0 RS
t=0 =0 ¢=0" t=0 =0 ¢=0"

N Generates energy
xstorage creates t=0" h(t) = characteristic

All initial conditions are nonzero initial (¢#£0) mode terms
condition at =0

zeroat =0 t=0 h(t) can have at most

y(07)=3y"0)= - =3y" P07 )=y""0)=0 an impulse  4,8(¢)

y(07) = y(l)(()‘) — = y(N‘z)(()‘) =0, h(t) = A,8(t) + char mode terms t=0
i i 1 Young Won Lim
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h(t) can have at most a o(t)

d” y(t dy(t d" x(t d" ' x(t d x(t
#()ﬂ,l — (1 ) ctay gi )+aNy(t) - boTIS)erldt—N_<l)+---+bN_1 d<t )—I-bNx(t)
(D"+a, D" '+-+ay_D+ay)y(t) = (byD"+b,D" ' +---+b,_ D+b,)x(t)

M =N O(D)y(t) = P(D)x(t)

(D" +a, D" '+-+a,_ D+ay,)h(t) = (bODN+b1DN‘1+---+bN_1D+bN)‘

2 2

If §'"(¢)is included in &(z), then the highest order term

8™ (y) # 8™M(¢) contradiction

h(t) cannot contain d()(t) at all ==  h(t) can contain at most 3(t) M < N
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New Initial Condition created by 0o(t)

d];yt( )+a1 7 (lt) +aN_1dC);§t)+aNy(t) - bN_Md::ﬁgt)+bN_M+I%+---+bN_1d;f—(tt)+bNx(t)
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - ylt) = P(D) - x(¢)
d];);y) + ald:;N (lt) + azd];_:N_E” + o+ aN_1d§< + ayy(t) = 8(1) YY) = 8(¢)
. . B 1 B 1 B . B
5(¢) u(t) tu(t) () ™Y ule)

integration  integration integration  integration

[ 1 ] o e
W) =1y P0)= ) =y(0)=y,00) = 0
1 i B

unit jump discontinuity  no jump discontinuity is allowed at t = 0

att=10

Young Won Lim
11/17/11
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Simplified Impulse Matching Method (1)

dy(t), d"y() - dy(d)

d" x(t d" ' x(t d x(t
P 1 PR N-1T g +aNJ’(t) = bN—MT]\S)+bN—M+1 dl‘M_(l >+"'+bN—1 d(t )+bNx(t)
(D"+a, D" '+--+ay_D+ay) - y(t) =|(by_,,D"+by_, .. D" '+--+b,_ D+b,)| x(t)
o(D) - (1) = P(D) - «x(1)
h(t) = b,d(t) + [P(D)y,(t)]ult) O(D)y(t) = P(D)x(t)
1 1
y (¢t) linear combination of characteristic modes _
with the following initial conditions 0(D)wli) I x(¢)
y,(0)=5,(0)= 5,(0) - ="(0) = 0 y,"(0) =1 0(D)y, (1) = 8(1)

(V)

(DN—I—alDN_l—I—----I—aN_lD+aN)yn(t) = 6(t)
)+ a ) )+ ay V() + () = 8(r)

CLTI Differential Equation 15
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Simplified Impulse Matching Method (2)

d];);zx(/t)""al dz;;lN)igt)+"'+aN—1d§§t)+aNJ’(t) = bN—Md:jﬁgt)+bN—M+ldz;jv]x_(lt)_l_'”-i_bN—ld;gt)+bNx(t)
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - ylt) = P(D) - x(1)
(D"+a, D" '+-+a, D+a,)y,(t) = §(t) G2ae) = #0)
Y0+ a0 4 a0 + 3, (1) = (1) QID)PD)w(t)] = PD)x(t)
y(t) = P(D)w(t)
h(t) = P(D)[y,(t)u(r)] 0(D)y,(t) = d(1)
Q(D)P(D)y,(t) = P(D)d(t)
h(t) = P(D)y,(1)
h(t) = b,8(¢t) + P(D)y,(t), ¢=0
causal vy, (t)u(t)
h(t) = b,8(¢) +[P(D)y,(t)]ult) We) = POV ()u()]

CLTI Differential Equation 16 Young Won Lim



Classical Solution (1)

d” y(t dy(t d" x(t d" 'x(t d x(t
dJ;( )+a1 a7 (1 ) Ctdy c);g )+aNY(t) = by_y dtﬁg )+bN—M+1 J M_(1 >+°"+bN—1 d(t )+bNx(t)
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - ylt) = P(D) - x(¢)

When all the characteristic mode terms of
the total system response together, they
form the system’s natural response  y,(t)
(homogeneous, complementary solution)

The remaining portion of noncharacteristic
mode terms form the system’s 0(D) yolt
forced response (particular solution) Yo (7) Yo

Young Won Lim
11/17/11
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Classical Solution (2)

a y(t dyl(t
dJ;( )+a1 a7 (1) ctay_y c)ZJE‘ )+aNJ’(t) = by_y

(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - ylt) = P(D) - x(¢)

 [inear combination of the characteristic modes. yn(t )

 the same form as that of the zero input response

» only its constants are different

* these constants are determined from the auxiliary
conditions

* initial conditions at t=0"

e at =0 only the zero input response

e initial condition at (=0~ —
applied to zero input response

 zir and zsr cannot be separated

CLTI Differential Equation 18 Young Won Lim



IC — Zero Input Response (2)

d" y(t d" " y(t dylt d" x(t d" ' x(t d x(t
dytjs )+a1 dtNy‘(l )+---+aN_1 ;5 )-i-aNy(t) = bN_M—thS )erN_M+1 dtM_(l Ly +by, a’(t >+bNx(t)
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - yl(t) = P(D) - x(t)
o) = W+a, M "+ ta, hta,) = 0 ZIR: a linear combination of the
characteristic modes of the system
Oh) = (n=2)(A=2,) = (A=hy) = 0 wlt) = ¢ 4+ o 4

In practice, these initial conditions are known 1,(07), 7,(07), 3,(07), -

But ZIR is not affected by the input. 20(07) = 2,(0) = po(07)
Therefore, the following conditions are met

CLTI Differential Equation 19 Young Won Lim
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IC — Impulse Response (1)

d” y(t dy(t d" x(t d" 'x(t d x(t
dJ;( )+a1 a7 (1 ) Ctdy c);g )+aNY(t) = by_y dtﬁg )+bN—M+1 J M_(1 >+°"+bN—1 d(t )+bNx(t)
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - ylt) = P(D) - x(¢)

* h(t) = characteristic mode terms

h(t) = 4,8(¢) + characteristic mode terms

t=0
t=0

Simplified Impulse Matching Method h(t) = b,8(t) + [P(D)y,(¢)]ul(t)

linear combination of characteristic modes

()
with the following initial conditions
y,(0)=5,(0)=3,(0) - =y,""(0) =0 »""(0) =1
d" y(t d" ' y(t dylt
d)t}]\(/ )+a1 dtNJiE )+---+aN_1 2;5 )+aNy(t) = 5(¢)
& i B .
5(t) u(t) no jump discontinuity is allowed at t = ()
Young Won Lim

11/17/11

CLTI Differential Equation 20



IC — Impulse Response (2)

d" y(1) (), d y(t) d" x(1) d"" x(t) d x(t)
Y +a1 PR Sy tayy(t) = bN_Md7+bN_M+1F+"°+bzv_17+bzv (7)
(D" +a,D" '+ +ay_D+ay)| - y(t) =|(by_yy D" +by_ ., D" '++b, D+b,) - x(t)
o(D) - yl(t) = P(D) - x(t)
y,(t)  linear combination of characteristic modes
with the following initial conditions
1,(0)=,(0)=,(0) - =y""7(0) =0 »""0) =1
d"yl(t d" 'yt d" 2yt d
d);z\E) + a, dtNJi(l) + a, dtN)ig) + -+ ay 3;() + a,y(t) = 8(¢)
1 i i B
8(¢) u(t) no jump discontinuity is allowed at t = () unit jump discontinuity at t = 0
i 1 1 B
integration —y,(0)= y,(0) = ,(0) -+ =" (0) =0 0] =1
W) = (1)
Young Won Lim
21 11/17/11
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IC - Classical Solution

d” y(t dy(t d" x(t d" 'x(t d x(t
dJ;( )+a1 a7 (1 ) Ctdy c);g )+aNJ’(t) = by_y dtﬁg )+bN—M+1 dtM_(l >+ by d(t )+bNx(t)
(D" +a, D" '++ay_D+ay) - y(t) =|(by_, D" +by_y., D" '+-+by_ D+by)| x(¢)
o(D) - ylt) = P(D) - x(¢)

on) = W+a, W+ da, hta,) = 0 y,(t)  linear combination of characteristic modes
with the following initial conditions

O(h) = (A =2)h=ny) = (A=Ry) = 0 3(07), 7(07), 3(0"), -

at t=0" only the zero input response

initial condition at =0~ only can be applied to zero input response
zir and zsr cannot be separated in the classical solution

Therefore initial condition at t=0" must be used.
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Impulse Response h(t)

N
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