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Correlation

How signals move
relative to each other

Positively correlated the same direction

Average of product > product of averages

Negatively correlated  the opposite direction

Average of product < product of averages

Uncorrelated
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CrossCorrelation for Power Signals

Energy Signal Power Signal
R, (1) = ) x(¢)y* (t+7) dt R, (1) = ;1_1)1;10 f “(t+T)dt
+o0 . |
— [ x(t=1)y"(¢) dr = lim ), x(t=1)y"(1) d1¢
Energy Signal  real x(z), »(¢) Power Signal  real x(z), y(¢)
" 1
R, (1) = _f x(t)y(t+T)dt R, (1) = ;IE;F L x(t)yle+t)de
+o0 ) |
= [ x(t=1)y(e) d1 = lim 72 |, x(t=1)y(t) d1
Periodic Power Signal
= —f y(t+1) dt
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Correlation and Convolution

real x(z), y(1)

+ 00 +o

Correlation R(t) = [ x()y(t+7v)dt = [ x(t=7)p(r)d:

— —©

+ o0

Convolution x(t)xy(t) = f x(t—=1)y(t)dr

— 00
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Correlation for Periodic Power Signals

CLTI Correlation (2A)

x(2) * ()

x[n] * yln]

Periodic Power Signal

Circular Convolution

CTFS

CTFS
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Correlation for Power & Energy Signals

One signal — a power signal Use the Energy Signal Version
The other — an energy signal

+ o0

R, (1) = f x(¢)y(t+T)dt

— 0
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Autocorrelation

Energy Signal

+ o0

| x(t)x(t+7) dt

— o0

R, (1) =

total signal energy

= T x*(t) dt

R.(0) = R (1)

Rul=0) = [ +lixle—)ds

R (+1) = Zx(s+’t) (s)ds

R, (1) = Zx(t—to)x(t—t0+r)dt
Ro() = [ x(s)x(s+)ds

—0o0

CLTI Correlation (2A)

y(t) = x(t=t,)

Power Signal

R_(t) = lim —f x(t+1)dt

average signal power

R.(0) = ;lil}o—f x*(t) dt
R,.(0) = R, (7)

Ro(=) = lim — [, x()x(—) d
R (+7) = lim %fT x(s+7)x(s) d s
Ro(0) = tim [ alit)xlo—ty) di
R (1) = lim} x(s)x(s+T)ds

T — o0
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AutoCorrelation for Power Signals

R _(1) = % . sin(#)sin(t+7) d t

Positively correlated

Positively correlated

\ L |

Uncorrelated Negatively correlated
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Autocorrelation of Sinusoids

x(t) = A,cos(w,t+0,) + A,cos(w,t+0,) = x,(¢) + x,(7)
x(t)x(t+1) = {4,cos(w,t+0,) + A,cos(w,t+0,)} [4,cos(w,(t+T)+0,) + A,cos(w,(t+T)+0,)]

= A,cos(w,t + 0,)A4,cos(w,(t+T) +0,) + A,cos(w,t+ 0,)A,cos(w,(t+T)+ 0,)

+ A,cos(w,t + 0,)A,cos(w,(t+T)+0,) + A,cos(w,t +0,)A4,cos(w,(t+T)+0,)

IT A,cos(w,t + 0,)A,cos(w,(t+T) +0,)dt = 0
fT A,cos(w,t +0,) A, cos(w,(t+T)+0,)dt = 0

R.(t) = R,(t) + R,(1) xk(t) = Akcos(znfkt+ Gk)
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Autocorrelation of Random Signals

N
ZA cos(w, t +0,)

= iRk(T)

k=1
autocorrelation of a,cos(w,z + 0,)

independent of choice of 6,

random phase shift 6, x,(t) different look

the same amplitudes 4 R, () similar look

the same frequencies o

the amplitudes «a can be observed
the frequencies o in the autocorrelation R, (1)

similar look but not exactly the same

describes a signal generally, but not exactly
— suitable for a random signal
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Autocorrelation Examples

AWGN signal

changes rapidly with time
current value has no correlation with past or future values
even at very short time period

random fluctuation except large peak at t =0

ASK signal : sinusoid multiplied with rectangular pulse

regardless of sin or cos, the autocorrelation is always even function

cos wave multiplied by a rhombus pulse
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CrossCorrelation

R, (1) = R,(-T)

The largest peak occurs at a shift which is exactly the amount of shift
Between x(t) and y(t)

The signal power of the sum depends strongly on whether two signals are correlated

Positively correlated vs. uncorrelated
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Pearson's product-moment coefficient

e 0.89/0.88 o °
2r o 0.51/0.48 o 1
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CrossCorrelation Example (1)

x,(¢) = sin(wz)

x,(¢) = sin(wt+2) = cos(wr)
x;(¢) = sin(wr+2)

x,(¢) = sin(wt+m)

f(t) = x,(¢t) + x,(t) = sin(wt) + sin((oH—%)

= sin((zwt;m))cos(—nM)

= sin(wt+%)cos(‘7“) = 0.707 sin(oot+%)

sum of uncorrelated signals

The signal power of the sum depends strongly
on whether two signals are correlated

positively correlated vs. uncorrelated

R,(0) = p 2Hsin((x)t)(:os(u)t)a’t =0
R;(0) = e 2T[sin((x)z‘)sin(oot+7[/4)a’t = 0.354
R,(0) = 5 L sin(w?)sin(wr+n)dt = —0.5

g(t) = x,(t) + x;5(¢t) = sin(wt) + sin(wt+%)
= sin (2224 cos (—n/8)

= sin((x)t+%)cos(_?“) = 0.924 sin(oot+§)

sum of positively correlated signals

h(t) = x,(¢)+ x,(t) = sin(wt) + sin(wz+m)
= sin(wt)—sin(w?)

=0

sum of negatively correlated signals
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CrossCorrelation Example (2)

1 . .
R,(0) = ;—RIZKSin(mt)cos(mt)dt -0 R,(0) = ﬂfhsm(mt)sm(oot—l—nM) dt = 0354

1

1

0.5 0.5

0 0

-0.5 0.5 [

-1 1

-10 -5 0 5 10
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CrossCorrelation Example (3)

1 . = L sin(or+Z) dr = -
o] = ﬂfhsmz(mt) dt = 05 m =0 O, 27[.[27[51“ ((Dl"‘z)dt 05 m, 0

1

sirf(t+pi)

-10 -5 0 5 10 -10 -5 0 5 10
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CrossCorrelation Example (4)

o) = ;_nf2nsin2(mt) dt = 05 m =0 R(0) = ;—nfhsin(mt)cos(mt)dt — 0

0; = Zl_njlznsmz(wt_'_%) dt =05 m =0 R,(0) = ;—HIZHsin(wt)sin(wt+n/4) dt = 0.354
ol = ;_Kfaninz(mtJr%) dt = 05 m, =0 R,(0) = ;—nfzﬂsin((ot)sin(wt+7[)dt = -0.5
o) = zl—n_fhsinz((uﬂrrt)dt 05 my =0

E[<X — mx)(Y — mY)]

p ==
A o, Oy
1.5 Csin(t+pi2) ——
sin(t+pi/4) —
1 sin(t+pi) — |
_ E[x,(t)x,(1)] _ R,,(0) — 0
05 P12 5,0, 05
i Elx,(1)x,(r)] _ Ry(0)
05 [ p13 - 0_1 0_3 - 05 — 0177
_ Eln(0x(0] _ Rul0)
-1'5-1.5 -0.5 0 0.5 1 15 p14 O-10-4 05
sin(t)
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CrossCorrelation Example (5)

x,(¢) = sin(wz)

x,(t) = sin(wt+7) = x(t+E) = sin(w(t+2))
xy(t) = sin(wr+2) = x () = sin(o(t+%))
x,(¢) = sin(wt+m) - x (14+%) = sin(w(r+2))
R,(0) = ;—nfhsin((x)t)cos((ot) dt = 0 - R, (&)

R;(0) = ;—nfhsin(u)t)sin((otwLnM) dt = 0.354 - Rn(ﬁ)

R, (0) = ﬁfﬁ sin(w?)sin(wt+mn) dt = —0.5 - R,\(Z%)
CrossCorrelation AutoCorrelation

: Young Won Lim
CLTI Correlation (2A) 19 12/8/1



ESD (Energy Spectral Density)

Parseval’s theorem

E = [I(ofde = JIx(sFdy
X (f)F = W.(f)  Energy Spectral Density

Real x(t) Even, Non-negative, Real W _( f )

E,=2[w(f)df

Positively correlated vs. uncorrelated
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ESD and Band-pass Filtering

+ o0

E, = 2T‘Py(f)df =2[r(f)fds = 2+f|H(f)X(f)lzdf
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A description of the signal energy versus frequency
How the signal energy is distributed in frequency
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ESD and Autocorrelation

R, (1) w.(f)
w.(f) = IX(Fr
R, (1) X (f)X(f)
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Power Spectral Density (PSD)

The ESD of a truncated version of x(t)

T
x, (1) x(7) il < 2 rect(%)x(t)
0
+oo +7/2
W (1) =[x, (/) X, (f) = [x,(0)e? dr = [ x(x)e?™ dt
Average Signal Power v
GXT<f) = % — %|XT(f)|2

G,(f) = lim Gy (f) = lim —|x, (/)

T— T — o

The power of a finite signal power signal in a bandwidth /', fu
S
2[G(rars
S
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PSD and Band-pass Filtering

G,(f) =IH(fIG(f) = H(f)H"(f)G,(f)

A description of the signal energy versus frequency
How the signal energy is distributed in frequency
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