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Causal LTI Systems (1)
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Causal LTI Systems (2) 
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● Natural Response (Homogeneous Solution)
● Forced Response (Particular Solution)

● Zero Input Response
● Zero State Response (Convolution with h(t))
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Zero Input Response y0(t) – (1) 

Linear combination of y0(t) and its derivatives = 0
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Q (D) y(t) = P (D) x(t )

Q (D) y0( t) = 0 (DN+a1D
N−1+⋯+aN−1D+aN ) y0(t) = 0

if and only if y0( t) = ceλ t

ẏ0( t) = c λ eλt

ÿ0( t) = c λ2eλ t

⋯

(λN+a1λ
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λ t = 0

= 0 ≠ 0
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Zero Input Response y0(t) – (2) 
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Q (D) y(t) = P (D) x(t )

Q (D) y0( t) = 0 (DN+a1D
N−1+⋯+aN−1D+aN ) y0(t) = 0

⋯

(λN+a1λ
N−1+⋯+aN−1 λ+aN ) ce

λ t = 0

= 0 ≠ 0

Q (λ) = 0

Q (λ) = (λN+a1 λ
N−1+⋯+aN−1λ+aN ) = 0

Q (λ) = (λ − λ1)(λ − λ2) ⋯ (λ − λN )

c1e
λ1 t + c2e

λ2 t + cN e
λN t = y0(t)

λi

eλ it

characteristic roots

characteristic modes

ZIR: a linear combination of the characteristic modes of the system 
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Zero State Response y(t) – (1) 

All initial conditions are zero 
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Q (D) y(t) = P (D) x(t )

y(t) = x (t)∗h(t) = ∫
−∞

+∞

x( τ) y (t − τ) d τ

Impulse response h(t )

Causality

causal system: Response cannot begin before the input

causal input: The input starts at t=0
causal h(t): The causal system’s response to a unit impulse cannot begin before t=0

h( τ)= 0 τ<0

h(t − τ) = 0 t − τ<0

y(t) = ∫0−

+t
x( τ) y (t − τ) d τ , t ≥ 0
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Total Response
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y(t) =

Zero Input Response

∑
k=1

N

ck e
λ k t

+ x(t)∗ h (t)

Zero State Response

y(t) =

Natural Response

yn(t)
+ yΦ (t)

Forced Response
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Zero Input Response

Input is zero 
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Only initial conditions 
drives the system
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ẏ0(0
−) = ẏ0(0) = ẏ0(o

+)

ÿ0(0
−) = ÿ0(0) = ÿ0(o

+)
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Zero State Response

All initial conditions are zero 

d N y ( t)
d tN

+a1
d N−1 y( t)
d tN−1 +⋯+aN−1

d y (t)
d t

+aN y (t) = bN−M
d M x (t )
d tM

+bN−M+1
d M x( t)
d tM−1 +⋯+bN−1

d x (t )
d t

+bN x (t)

(DN+a1D
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M−1+⋯+bN−1 D+bN ) x (t)
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Total Response y(t) 

zero input response
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d tN
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(DN+a1D
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M−1+⋯+bN−1 D+bN ) x (t)

Q (D) y(t) = P (D) x(t )

t=0−

h(t )

x(t) y( t)

t=0+t=0 t=0−
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zero state response
+

y(t) = y0(t )

because the input 
has not started yet

t≤0−

y(0−) = y0(0
−)

ẏ (0−) = ẏ0(0
−)

The total response

y(0−) = y (0+)

ẏ (0−) = ẏ (0+)
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Impulse Response h(t)
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M−1+⋯+bN−1 D+bN ) x (t)

Q (D) y(t) = P (D) x(t )

t=0−

h(t )

δ( t) h(t )

t=0+t=0 t=0−
t=0+t=0

All init conditions 
are zero at 

δ(0−) = 0 δ(0+) = 0

t=0− Generates energy storage
Creates nonzero initial 
condition at t=0+

h(t) = characteristic mode terms
t≥0+ (t≠0)

At t=0, at most impulse A0δ(t)
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Impulse Response h(t)
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M+b1D
M−1+⋯+bN−1 D+bN )x (t)

Q (D) y(t) = P (D) x(t )M = N

(DN+a1D
N−1+⋯+aN−1D+aN )h(t) = (b0 D

M+b1D
M−1+⋯+bN−1D+bN )δ(t )

δ( t) is included in h(t ) If

The highest order term δ(N+1)(t) δ(N )(t) contradiction

h(t) cannot contain δ(i)(t) at all
h(t) can contain at most δ(t)
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Simplified Impulse Matching Method (1)

Linear combination of characteristic modes
with the following initial conditions

h(t ) = b0δ(t) + [P (D) yn(t)]u (t)
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Q (D) y(t) = P (D) x(t)M = N

yn(t)

yn(0) = ẏn(0) = ÿn(0) ⋯ = yn
(N−2)(0) = 0 yn

(N−1)(0) = 1

Q (D) y(t) = P (D) x(t )

P(D) ← 1

Q (D)w(t) = x (t)

Q (D) yn(t ) = δ(t)

(DN+a1D
N−1+⋯+aN−1D+aN ) yn(t) = δ( t)

yn
(N )(t) + a1 yn

(N−1)(t) + ⋯+ aN−1 yn
(1)(t) + yn( t) = δ(t)

Q (D)w(t) = x (t)

Q (D)P(D)w (t) = P (D)x (t)

Q (D) y(t) = P (D) x(t)
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Simplified Impulse Matching Method (2)
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h(t ) = P(D)[ yn(t )u (t )]

h(t ) = boδ(t) + P(D) yn( t) , t≥0

h(t ) = boδ(t) + [P(D) yn(t )]u (t)
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Impulse Response h(t)
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