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Analytic Functions

At Af = flz+nz)- f(2)

dz = a2-0AZ Az = AX+IiAY

: analytic in a region “
has a (unique) derivative at f'(z) = ar — lim Af

every point of the region dz rz—0 AZ
: analyticata point 2 = d ﬁ

has a (unique) derivative
at every point of some small circle about zZ = a
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Singular Point

Regular point of f(2) ﬁ
a point at which f(z) is analytic

Singular point of f(2) ﬁ
a point at which f(2z) is not analytic

Isolated Singular point of f(2) ﬁ
a point at which f(2z) is analytic everywhere
else inside some small circle about the singular point

Complex Function (1A) 4 Young Won Lim



Cauchy-Riemann Condition

flz) = u(x,y) + iv(x,y) :analyticin a region

‘ . . ou ov oV ou
in that region - = = ~ = ==
0X oy 0X oy

flz) = ulx,y) + iv(x,y) flz) = ulx,y) + iv(x,y)
o 9 o 9
0X oy 0X oy
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Analytic

flz) = ulx,y) + iv(x,y)

ou ou ov o0V
ox' oy’ ox’ 0y

U(X,y), V<X/Y)/ . continuous
du ov ov  oJu
0 X

oy ox oy

B flz) = ulxy) + iv(xy)

: analytic at all points inside a region

not necessarily on the boundary
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Derivatives

f(Z) = u(x,y) + iv(x,y) : analytic in a region R
‘ derivatives of all orders at points inside region

filzo), f1(20), fP(20), fH(20), FP(z0), -

- Taylor series expansion about any point Z, inside the region

The power series converges inside the circle about <,

This circle extends to the nearest singular point

|

2y
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Laplace Equation

f(Z) = u(x,y) + iv(x,y) : analytic in a region R

‘ U(X,y), v(x,y) satisfy Laplace's equation in the region

harmonic functions

u(x,y), v(x,y) satisfy Laplace's equation in simply connected region

- Real /imaginary part of an analytic function  f(z)
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Cauchy's Theorem

f(z) :analytic on and inside C ‘ 43 f(z)dz = 0

around C

simple closed curve

a continuously turning tangent
except possibly at a finite number of points

allow a finite number of corners (not smooth)
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Cauchy's Integral Formula

f(z) :analytic on and inside simple close curve C

‘ _angﬁf

the value of f(2)
atapoint 2z = g insideC

flw
Bl ZRZSﬁ
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Cauchy's Integral Formula

f(z) : analytic on and inside simple close curve C

» - 2151'98 ];(—Zcz)dz

-

C o O
1 1 _ ¢ fl@)dz
.-
f $
R R
" 7
$flz)dz = 0 ¢ f(z)dz v flz)dz _ 0
c cew ¢ <—d ew ¢t Z—da
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Cauchy's Integral Formula

f(z) : analytic on and inside simple close curve C

‘ = 27”98 f alongC' z — a = pe"”

z =a - pe"

C T
dz = ipe'"do

dz ipe'do
~—a e’

$ flz)dz

riras
S e

Complex Function (1A) 12 Young Won Lim




Cauchy's Integral Formula

dz  _ ipedo | .
(z—a)? (pe'*)? c - alongC' z — a = pe
J z =a - pe”
flz)dz 7 f(2)i
ccfc (Z_a)z B ‘([ pei6 do \ dZ = ipeiedG
= ffg)z)ie_iede _ [_fE)Z)e_ieo \ *
_ _fE)Z)(e—izn_ e—iO) -0 N ‘v
dz = ipedo (z—a)dz = pe’ipe®do
§ Flz)dz - [ flz)ipedo § (z-af(2)dz = [ f(2)iloe"d0
- [f(z)pe"ly - [ rizptiean = [fl)fe™]
_ f(Z)p(e_lz e—zO) -0 _ f(Z)%(e_l4 e—iO) -0
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Laurent's Theorem

f(z) :analytic in the region R
between circles C, C,
centered at 2

‘ f(z) = a, + a,(z—2,) + a,(z—z, + -

b, b,

T o Principal part

’ (Z_Zo> (Z—ZO)Z

: convergent in the region R
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Laurent's Theorem - Region of Convergence

f(z) :analytic in the region R
between circles C, C,
centered at 2

‘ flz) = a, + a,(z—2z,) + a,(z—z,° + -

For this “a” series to converge, . .
the ROC must be in the form |Z ZO‘ < const ‘ inside Cz

b1 bz
+ T oo Principal part

" (Z_Zo> (Z—ZO)Z

| | 1
For this “b” series to converge, :
the ROC must be in the form Z—2 < const ‘ outside C1
0
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Laurent's Theorem - Coefficients

f(z) :analyticin the region R z c, Zo C, Zo c,
between circles C , C, \®
centered at <,

‘f(z) = a, + a,(z-z,) + az(z_zo)2 Lo

b, b, . : convergent
+ > t+ in the region R
(Z_Zo) (Z—ZO)

f
‘ Gris 27t1§ n+1

_ f
b, = 2n1§ —n+1

_|_
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Laurent's Theorem - Coefficients

f(z) :analyticin the region R z c, Zo C, Zo c,
between circles C , C, \®

centered at <,

f(z) ay a, a, a,
+ + + o+ + a,,, + a,.,(z—2z,) +
e P e P L P LA =
+ b, + b, +
(z_zo)n+2 (Z—Zo)n+3

f
‘ a, = 27t1§ n+1

_ f
bn o 2Ttl§ -n+1

Complex Function (1A) 17 Young Won Lim



Laurent's Theorem - a

f(z) :analyticin the region R z c, Zo C, Zo c,
between circles C , C, \®

centered at 2

flz) = a, + a;(z—2,) + 02(2—20)2 + ..
b, b,
+ + + .
(Z_Zo) (2—20)2
f(Z) a, a, da, . a -
(z-2o)""  (z2=2¢)"" " (z—2,)" ' (z—2o)"" T T ez T O T Gia(Z2=Z0) +
b, b,

i (Z_Zo)n+2 T (Z—Zo)n+3 T

Complex Function (1A) 18 Young Won Lim



Laurent's Theorem - bn

f(z) :analyticin the region R z c, Zo C, Zo c,
between circles C , C, \®

centered at <,

f(Z) - a, + al(z_zo) + 02(2—20)2 +
+ by + b, +
(z-2,) (2—2,)’
(z—fz(z))"” = a,(z—z,)" " + a,(z—2,)" + a,(z—z,)""" + -
0 MU B Y LT
(2_20)3 (Z_Zo)4 " (z2-2,) (Z_Zo)z
1 f(z)dz
h -
‘ n 27” ﬁc (Z_ZO)—n+1
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Laurent's Theorem - Some Points

f(Z) : analytic in the region R 2, c, Z C. 2,

2 2 Cz
between circles Cl, C2 \®

centered at <

f(z) = ay + a;,(z~2,) + ay(z—z,)° + -~ regular point 2,
flz) = ay + a,(z=2,) + ay(z—2)" + - pole of ordern 2,
AL S B
(z-2,)  (z2-z,) (z—z,)"
f(z) = a; + a,(z-2y) + ay(z—2)* + - simple pole Z,
b,
t Z=2) b, : residue of f(2)
f(z) = a; + a,(z-2y) + a,(z—2z)* + - essential singularity z,
P U
(2-2,)  (z-z,)
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Residue Theorem (1)

f(Z) : analytic on and inside C (no singular point) ‘

jﬁcf(z)dz =0

f(z) :analytic on and inside C except Zj ‘

¢_f(z)dz = 2ni- ), the residues of f(z) inside C

Z Isolated singular point

The integral around C is in the counterclockwise direction
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Residue Theorem (2)

f(z) :analytic on and inside C except 2

Z Isolated singular point

flz) =a, + a(z—2z,) + a,(z—2,)° + -

$a, + a,(z—2z,) + a,(z—2z,) + - dz =

0
c v analyticon andinside C

i0 27
gﬁ-dz - b f‘”e 99 _ b [ide = 2xib,
0
3 2n eike 2
+ .- dZ — O ik® o e
gi (2—20)3 {e do ik |, 0
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Finding Residues (1)

@Cf(z)dz = 2ni- ) the residues of f(z)inside C
The integral around C is in the counterclockwise direction

Methods of Finding Residues

Laurent Series: D, 1/(2—20)
Simple Pole : f(Z)°<Z—ZO)

Multiple Pole : f(z>.<z_zo)m
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Finding Residues (2)

@Cf(z)dz = 2ni- ) the residues of f(z)inside C

The integral around C is in the counterclockwise direction

Laurent Series: D, 1/(2—20)
Simple Pole : f(Z)'<Z—ZO)
Multiple Pole : f(z).(z—zo)m

R(z,) = lim(z-z2,)f(2)

z2-2,

glz,) glz) gz % 0
Rz = 3o 0 T& = %G hiz) # 0 hizy) = 0
R(Zo) - (mil)!dd;an(Z—Zo)mf(Z)
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